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Abstract 


This  report  presents  some  new  methods  and  concepts  useful 
in  tho  analysis  and  synthesis  of  arithmetic  elements  in  digital 
computers . 

The  development  of  comprehensive  and  systematic  design 
methods  is  particularly  important  in  general-purpose  digital 
computers  because  of  the  functional  complexity  of  the  switch- 
ing circuits  needed.  The  use  of  the  broadest  viewpoints  is 
rewarded  not  only  by  savings  in  equipment  but  frequently  also 
by  the  attainment  of  greater  functional  simplicity. 

Digital  computers  have  for  some  time  been  recognized  as 
devices  capable  of  storing,  moving,  interpreting,  and  modify- 
ing information.  In  this  report  it  is  shown  how  the  informa- 
tion concept  of  the  mathematical  theory  of  communication  can 
be  applied  both  to  arithmetic  operations  on  numbers  and  to 
switching  on«r*>  tions  . The  essential  characteristic  of  an 
arithmetic  operation  is  a distribution  of  output  symbols  with 
respect  to  input  symbols,  and  any  physical  process  which  pro- 
vides the  proper  distribution  can  be  used  as  an  arithmetic 
element  for  that  operation.  Switching  circuits  provide  a 
particularly  flexible  means  of  realizing  needed  distributions, 
and  they  can  be  studied  most  efficiently  in  term.j  of  Boolean 
algebra. 

Examples  of  the  application  of  the  ideas  and  theorems  dis- 
cussed in  the  design  of  practical  computing  circuits  are  given 
in  the  report. 
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CHAPTER  I 
INTRODUCTION 

Any  system  performing  digital  computations  can  be  brck°i  down 
into  the  folic-wiry:  functional  parts;  A memory,  an  clement  capable 
of  carrying  out  arithmetic  operations;  a coordinatin'  element  ('he 
control),  and  the  input  and  output  channels.  Tins  is  equal!1'  true 
for  the  most  primitive  counting  device,  for  a desk  calculator,  and 
for  a modern  automatically  sequenced  electronic  digital  computer* 

The  present  paper  concerns  itself  with  the  arithmetic  element  in  the 
latter  class  of  computing  macnxnesj  they  will  in  the  followi ng.  for 
short.  be  termed  digital  computers, 

I.  OBJECTIVES 

The  most  important  advantage  of  digital  computers  over  earlier 
means  for  computation  is  their  speed  of  operation.  This  speed,  for 
example  the  multiplication  of  two  ten  digit  decimal  numbers  in  one 
thousandth  of  a second,  depends  on  the  use  of  components  originally 
developed  in  communication  engineering;  in  particular  vacuum  tubes 
and  germanium  diodes.  In  digital  computer  circuits  such  components 
arc  used  lo  their  greatest  advantage  as  binary  elements,  A vacuum 
tube  may  be  either  conducting  or  non-conducting  j in  an  Eccies-Jordan 
trigger  circuit  one  of  the  two  vacuum  tubes  is  conducting,  but  not 
both;  a piece  of  magnetic  material  is  magnetized  in  one  direction 
or  in  the  opposite  direction# 

Because  cf  the  availability  of  binary  elements  many  digital 
computers  have  been  built  to  operate  in  the  binary  number  system# 
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In  other  cases  the  binar y elements  are  used  to  represent  decim;ii 
digits  with  ail  computations  being  carried  out  in  the  decimal 
system.  The  discussion  in  this  paper  will  primarily  have  a bearing 
on  decimal  machines* 

A digital  computer  does  not  deal  solely  •with  numbers.  It  must 
also  accept  instruction s which  are  coded  into  binarv  variable q. 
just  as  the  numbers.  Both  of  these  items  may  be  included  in.  the 
term  "information*1.  The  concept  of  information  has  recently  been 
subject  to  invest! gation  in  the  mathematical  theory  of  communica- 
tion. One  of  the  aims  of  this  paper  is  to  clarify  this  concept 
as  it  applies  to  -LgitaL  computers. 

The  main  subject  of  investigation  is  the  theory  and  practice 
of  translation  from  non-binary  arithmetic  operations  to  operations 
on  binary  variables.  A typical  problem  would  be  the  following: 

Given  any  two  decimal  digits  coded  into  four  binary  variables  each 
in  an  arbitrarily  chosen  code,  find  the  circuit  which  will  produce 
the  product  of  the  Vic  digits,  also  coded  into  a set  of  binary 
variables.  A systematic  solution  of  such  problems  will  be  presented. 

Another  problem  might  consist,  in,  first,  finding  the  sum  of  two 
decimal  digits,  the  digits  and  the  sum  being  coded  into  binary  vari- 
ables without  commitment  to  a particular  code,  and,  second,  determin- 
ing th*  code  which  results  in  the  simplest  circuit  for  producing  the 
sum.  The  first  part  cf  this  problem  will  be  formulated.  The  second 
part  still  awaits  further  development  of  the  theory  for  its  solution* 

The  paper  ia  chiefly  concerned  with  the  logical  aspects  of 
dj vital  computer  A set  of  techniques  for  the  xcalization 

of  logical  functions  will,  however,  be  described  so  that  some  circuit 


I 


3 


features  important  to  the  logical  design  may  be  taken  Into  account. 

The  methods  will  mainly  be  developed  by  means  of  examples  in  the 
course  of  which  counters,  converting  circuits,  and  (in  the  Appendix) 
a binary  coded  decimal  adder  will  be  subject  to  detailed  discussion, 

II.  EARLIER  WORK 

Tne  po3t-*rar  activity  in  the  field  of  digital  computers  has  been 
both  extensive  and  intensive.  The  remarkable  lack  of  literature 
adequately  representing  the  subject  is  characteristic  of  a fast 
moving  development.  Host  material  is  to  be  found  in  project  reports 
issued  in  the  course  of  construction  of  the  various  computers.  The 
major  part  of  the  development  of  digital  computers  in  general  must  be 
said  to  be  due  to  the  numerous  members  of  these  computer  projects. 

The  development  in  this  paper  is  based  first  of  all  on  C,  E, 
Shannon's  remarkable  contribution  in  introducing  symbolic  logic  as 
a descriptive  algebra  for  switching  circuits  in  1938,  Shannon  did 
not  think  in  terms  of  computer  circuits  since  digital  computers  had 
not  reached  any  high  degree  of  development  at  that  time. 

The  next  step  in  the  symbolic  approach  is  unquestionably  due 
to  the  group  at  the  Harvard  Computation  Laboratory,  Thecr  extensive 
tabulation  of  switching  functions,  that  is.  Boolean  Algebra  expressions 
applied  to  switching  phenomena,  and  their  derivation  of  vacuum  tube 
operators  has  had  decisive  influence  on  the  development.  The  Harvard 
group  has  primarily  been  interested  in  establishing  the  equivalence 
between  operations  in  Boolean  Algebra  and  vacuum  tube  circuits  and  in 

J mm  am  4*4  m4<*  £ Ua  iwmI  a aA  ma!*«A  { am 

UUVWi,U|.lX4i^  JL  VA  4 AiiU  V**w  w tfVXU  | 

The  translation  from  arithmetic  requirements  to  logical  opera- 
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• v.:-  h-nary  variables,  the  subject  of  this  paper,  has  not,  so  far, 

been  systematically  investigated* 

'Ihe  s v c* i. w y jitirfi i o ox  ux  'jttucr  ami  unpi  o v o d notions  of  xhe  nature 
of  information  is  due  to  C.  E.  Shannon  and  to  N . Wiener.  Its  use 
in  this  paper  is  almost  entirely  qualitative.  Ihe  future  develop-- 
nent.  mar/  . however,  verv  wpII  be  dAtprminod  hy  the  introduction  of 
such  no -.ions. 

III.  ORGANIZATION  OF  CHAPTERS 

Chapter  II  deals  irith  the  fundamental  concepts  of  the  logical 
des:.gr.  and  reviews  concepts  and  formulas  of  Boolean  Algebra  as  they 
apply  to  the  fundamental  logical  operations.  In  the  second  section 
of  Chapter  II  the  operations  of  Boolean  Algebra.,  representing  the 
logical  opetations,  are  considered  from  the  viewpoint  of  information 
flow.  The  quantitative  concept  of  information  is  applied  to  the 
logical  functions. 

In  Chapter  III  arithmetic  operations  on  numbers  are  discussed 
in  terms  of  the  concept  of  information. 

Chapter  IV  deals  with  a set  of  techniques  for  the  realization 
of  the  logical  operations  discussed  in  Chapter  II.  It  brings  in 
•the  most,  important  circuit  features  and  the  physical  nature  of  ui« 
binary  signals  introduced  in  Chapter  II. 

Chapter  V uses  counters  and  related  circuits  as  examples  of 
a method  of  design  centered  arcund  what  will  be  termed  a “transi- 
tion chart'1.  Tins  chapter  at  the  same  time  discusses  the  logical 
behaviour  of  counters. 

'I  *ne  equation s governing  decimal  addition  and 
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other  arithmetic  operations  on  binary  variables,  representing  decimal 
digits  in  arbitrary  codes,  ?-rc  formulated*  The  chapter  also  covers 
some  of  t.hp  ra vs  'n  which  an  arithmetic  operation  can  bo  divided  into 
several  steps  in  order  to  simplify  the  circuitry. 

Chapter  YTI  contains  a summary  oi  the  results  and  some  recommenda- 
tions for  future  ■investigations. 

In  the  Appendix  an  example  of  a binary  coded  decimal  adder  is 
described  and  the  process  of  adding  and  subtracting  multi-digit 
numbers  with  arbitrary  signs  is  outlined. 

The  formulas  in  the  various  chapters  are  identified  by  a 
decimal  number;  the  units  in  this  number  refer  to  the  chapter  and 
the  number  after  the  decimal  point  is  the  number  of  the  formula  in 
the  chapter;  5.17,  for  example,  refers  to  formula  17  in  Chapter  7. 

The  fig’rres  and  tables  are  numbered  separately  in  the  same  manner. 

The  Appendix  is  given  the  number  VIII  in  continuation  of  the  chapter 
numbers. 

7 

A numerical  superscript  in  the  text,  , refers  to  the  bibliography 
in  back.  One  or  more  asterisks,  *,  refer  to  a footnote  on  the  same 
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CHAPTER  II 

THE  MATHEMATICAL  TOOT.S  USED  IN  TIE  ANALYSIS 

Boolean  Algebra  has  been  used  quite  extensively  in  the  design 

of  digital  computers  since  its  firs+  engineering  aoplicat^on  by 

2 

C . E*  .Shannon  in  193^  > It  is  an  algebra  of  binary  variables  whose 
operations  are  exactly  analogous  to  the  fundamental  operations 
employed  in  digital  computers. 

The  Concept  of  Information'3'’  has  nots  so  far,  been  applied 
in  the  analysis  of  digital  computer  operations, 

I.  BOOLEAN  ALDEBRA 

After  having  been  applied  by  Shannon  in  the  analysis  of  relay 
circuits;,  Boolean  Algebra  was  developed  into  an  elaborate  system 
of  "Vacuum  Tube  Operators"  especially  suited  for  design  problems 
in  digital  computers  by  the  staff  of  the  Harvard  Computation 

There  is  a slight  difference  between  the  algebra  originally 
introduced  by  Shannon  and  that  used  at  Harvard,  The  latter  is 
simply  the  special  case  of  ordinary  algebra  for  which  all  variables 
are  restricted  to  the  values  zero  and  one.  In  Shannon's  system 
one  departure  from  ordinary  algebra  is  made.  It  will  be  pointed 
out  later  in  this  section  (see  equaticr.c  2.^  end  2,11), 

Shannon's  system  lends  iteeLf  well  to  the  representation  of 
diode  circuits;  also,  it  is  simpler  to  manipulate  than  the 
Harvard  system.  Since  diode  circvi  ts  trill  be  Let vo due  V Viter 
'i'.\  Chapter  IV)  "b:  illustrate  the  design  pi-ixicipl 
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Shannon’s  system  will  be  used  in  what  follows*  This  choice  is  of  no 
deeper  consequence,  however. 

It  is  not  the  purpose  here  to  justify  fonriflly  the  application 

of  Boolean  Algebra  to  the  logical  problems  encountered  in  digital 

computer  design.  For  a clarification  cf  this  point  the  reader  is 

o 

referred  to  Shannon's  article  , Since,  however,  some  differences  in 
viewpoint  and  terminology  exist,  a review  will  be  made  of  the 
fundamental  concepts  and  theorems  as  they  will  be  used  here.  This 
collection  of  formulas  will  at  the  same  time  serve  as  a reference 
table. 

The  binary  variables,  which  carry  the  information  in  a digital 
computer,  are  stored  in  bistable  circuits  of  which  an  Eccles-Jordan 
trigger  circuit^  may  serve  as  an  example.  The  symbol  used  to  re- 
present the  logical  unit,  which  will  be  called  a toggle,  is  shown 
in  Figure  2,1. 
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Figure  2,1  - Symbol  representing  a toggle 

A toggle  has  two  stable  states,  called  the  1-state  and  the 
O-state,  It  has  two  output  terminals,  marked  "l"  and  "0"  and 
three  input  terminals,  one  (opposite  the  1-cutput  terminal)  which 
upon  reception  of  a pulse  will  transfer  the  toggle  to  the  1-state 
(if  it  is  not  already  in  the  1-state);  one  which  upon  reception 
of  a pulse  will  transfer  it  to  the  O-state;  and  one  (in  the  middle) 
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which  will  reverse  the  state  oi  the  toggle,  that  is-  transfer  it  to 
the  opposite  state  irrespective  of  the  initial  rtate,  upon  re- 
ception of  a pulse. 

The  output  terminals  carry  signals,-  voltage  levels,  for 
example,  indicating  the  state  of  the  toggle.  There  only- 
two  possible  signals,  one  will  be  called  a 1-signal  and  the  other 
a O-signal.  "When  the  toggle  is  in  its  l-stato,  the  1-output 
terminal  will  carry  a 1-signal  and  the  O-output  teminal  a 
O-signal.  When  the  toggle  is  in  its  '1-state,  the  output  signals 
will  be  reversed. 

The  state  of  a toggle  will  be  represented  by  a variable,  x, 
assigned  to  it.  When  the  toggle  is  in  it?  1-state,  x*l,  when  it 
is  in  its  O-state,  x"0.  From  this  it  follows  that  x also  represents 
the  signal  on  the  1-output  terminal.  The  signal  on  the  O-output 
terminal  will  be  represented  by  x:  (**x  prime-*)# 

r*  « 1 - x, 

where  the  minus  sign  has  the  same  meaning  as  in  ordinary  algebra. 

More  will  be  said  about  the  input  terminals  in  Chapter  IV. 

Binary  signals  depending  on  the  state  of  a single  toggle  each, 
may  be  combined  into  a binary  signal  depending  on  the  states  of 
a number  of  toggles  by  means  of  two  fundamental  operations,  gat- 
ing and  mixing,  A gate  will  be  symbolized  by  o rectangle  with 
the  letter  G,  a mixer  by'  a triangle  with  the  letter  M (see  Figure 
2.2). 

Gates  and  mixert  have  any  number  of  input  terminals,  but 
only  one  output  terminal.  A gate  has  a 1-signal  on  its  output  term- 
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i/nal  if  pnd  only  if  ail  input  terminals  receive  H-signalSo 


Figure  24?  - Symbols  representing  a gate  and  a mixer 


1b t the  input  signals  be  represented  by  x^->vrx^ 
the  output  by  g(x^5x0.x..?  . • 0)5  then  the  equation 


A O • » A 


and 
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in  which  the  multiplication  sign  has  the  same  me  a.  ting  as  in  ordinary 
algebra,  represents  a gate. 

A mixer  ..*11  have  a 1-signal  on  its  output  terminal  if  at  leas' 
one  l-signal  is  present  on  its  input  terminals.  Again,  let  the 
input  signals  be  represented  by  x-,5x,,x.(J  . . .;  arid  the  output  by 
hCx^x^x^j  » . ,)j  then  the  equation 


“ xl+x2*x3* 


.2 


represents  a mixer.  That  y-1  when  only  one  of  the  input  signals  is 
1 follows  from  the  rules  fox-  addition  in  Boolean  Algebra 

2.3 

?.!* 


o + o-o 

0 + 1-1  + 0-1 


Ihat  y«l  when  more  than  one  input  signal  is  1 follows  from 
the  postulate  used  by  Shannon 


1+1-1  2.5 

A mixer  could  also  be  characterized  the  following  way,  its 
output  signal  is  0 if  and  only  if  all  input  signals  are  0,  meaning 
that  the  equation 

h ■ vx^,x0 jX^,  « • •)  - h(x-j  • . .)  1 *-  • »x^- «x^’ • ...  2.6 

is  valid* 
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Th#»  trsrsiticr  frcr.  equation  Z,c  to  wuu*lion  2.6  expresses 
do  Morgan’s  Theorem  which  explicitly  states  that  if 

y ■ x^tx2*x^*  . . • 

then  2.7 

y:  • x^’  »x^‘  • . . . , 

and  if 

z ■ ... 

then  2.0 

z'  - ,+x2,+x^'+  . . . 

One  other  operation  deserves  attention.  The  operation  of  in- 
version replaces  a signal  with  its  complement,  a 1-signal  is  converte 
to  a 0-signal  and  a 0-signal  to  a l-signal0  Although  inversion  as 
an  isolated  operation  will  not  be  considered  in  the  engineering 
design  examples,  a symbol  as  shown  in  Figure  ? s3  will  be  introduced 
for  its  representation. 


Figure  2.3  - Symbol  representing  an  inverter 


An  inverter  has  one  input,  x,  and  one  output,  y,  and  can  be 
represented  by  the  equation 

y • x1  a i - x 2.9 

From  this  it  is  clear  that  inversion  t r'horently  present  in 
a toggle  since  the  output  signal  at  one  terminal  is  always  the 
opposite  that  at  the  other. 


r 


i 

\ 


\ 

t 


* 


! 


t 


ii  n 

In  the  above  the  equivalence  between  the  operations  encountered 
in  digital  computer  circuits  and  those  encountered  in  Boolean 
Algebra  has  been  stated.  Below  are  listed  the  postulates  arid  some 


additional  theorems  which  will  be  used  in  the  following. 

x*x*x«  . « . = x 2.10 
x+x+x^-x  2.11 
x^Xg  ■ x2«x1  2.12 

Xx  + x2  - x2  ♦ x1  2.13 
x ♦ 1 - 1 2.14 
x + 0 - x 2.15 
x*l  • x 2.16 
x«0  » 0 2.1? 
x' *x  ■ 0 2.1C 
x ♦ x!  ■ 1 2.1? 
x,  +(x9tx,)»(x,'«x/>)^  - ’,20 

j-  c.  ^ Xt-J 

xl*(x2«x^)-(x1»x2)x3  - x1»x2.x3  2.21 
x1(x2‘*x^)  - x^  + 2.22 
x-  ♦ x2*x3  - (xj^Kxj+Xj)  2.23 
x.  ♦ x1!.f(x95xJ,X|i,  . . .)  - x1  + f(xg,x  ,x^,  . . .)  2.24 
x1.f'(x1,x2,x3,  . . .)  -x^f’d ,x?,Xy  . . .)  2.25 


As  an  example  of  a proof,  take  equation  2 .23.  When  the  right 
side  of  the  equation  is  multiplied  out  by  use  of  equations  2.10  and 
2.22  the  following  expression  is  obtained 
X,  ♦ XoX,  ♦ x-jc,  ♦ x0x0 

-4  J «*■  -/  •- 

When  equation  2.22  is  used,  this  becomes 
x1  (l+x^,)  + xjc2 


f 
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According  to  equat.i  on  2.1 h,  however, 

1 * x2  *■  Xj  - 1 

Then  the  rig? t side  expression  becomes 
*1  * 

which  is  the  left  side  of  the  equation  2.23* 

In  Figure  2,h  is  shown  a simple  block  diagram  representing 
formation  of  a signal  depending  on  the  states  of  3 toggles,  the  form- 
ation of  a function  of  3 variables. 


Figure  2.1i  - Formation  of  a switching  function  oi  three  variables 

A function  may  be  described  by  means  of  a truth  table,  friving 
its  value  for  all  value  combinations  of  the  variables  upon  which  it 
depends*  The  truth  table  for  the  function  in  Figure  2. U is  shown  below 

Xg  x^  f(x) 

0 0 1 

0 0 1 

10  1 

10  1 

(continued  on  the  following  page) 


State 

Number 


2 

3 


*1 

o 
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Number 


c 


x3 


0 0?. 


10  1 
Oil 


■7 


1 


1 


f(x)  (continued? 

0 

0 

0 

1 


A function  of  binary  variables,  such  as  the  one  shown  in  figure 
2,h  is  called  a switching  function. 

Any  switching  function  can  be  expanded  in  a sum  cf  products, 
each  product  containing  an  many  factors  as  there  are  in depenae.it 
variables. 

As  an  example  f(x)  of  Figure  2,4  will  be  expanded.  Sc  u 


is  multiplied  by  unity, 

f(x)  • x^+x.'  » ) ♦ xj  <xi+xi: 

f(x)  * x1x2x,^x2x^f^x-x2x.  t+x1x5)«x^,+x1,x2x^:-^x1'x2:x.  ■ 

f(x)  - x1x2x-^x2x3‘+x1x2*x.^,-»x1,x2x,!-tx1-x2«x^J 

It  is  important  to  note  that  each  product  in  the  expansion 
becomes  1 for  one  and  only  one  value  combination  of  the  independent 
variables.  The  number  of  i!s  occurring  in  the  truth  table  must, 
therefore,  be  the  same  as  the  number  of  terms  in  the  expansion. 

A constant  1-stgnal  can  he  considered  a switching  function  cl 
any  desired  variables.  Since  it  is  never  0,  it  must,  contain  al] 
the  possible  products  in  its  expansion.  If  i«  is  considered  a 
function  of  three  variables,  x^,  x y Xy  the  following  expansion 

• . . ? s 

d-O  V CXJmJ.  *wi 


1 - ’’l' Vi'  Vi'*?'  * 

rx,  1 jc„  :x„  ? 

i.  <L  7 


<•  • 


TT 
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Note  that  the  right  side  can  be  found  by  multiplying  out  the  fol- 
lowing expression,  which  according  to  equation  ?31?  has  the  v?li*>  i . 

(x1+x1')(x2+x2')(x3-)c30  - 1 

IT.  THE  CONCEPT  OF  INFGRliA'fl 0?: 

A digital  ''1‘Hiw+Ar  HpH  vp  q its  nr.i  "i  1 i.v  from  its  cni'rt'  i1 1 '/  i.o 

ti  *'T  * — — v - 

transfer,  interpret  and  modify  information.  Hie  transfer  pro senes 
few  logical  problems.  As  will  he  seen  presently  rh^  modification 
of  information,  for  example,  arithmetic  operations  on  numbers,  ani 
the  interpretation  of  information,  interpretation  of  instructions, 
for  example,  are  logically  similar.  Interpretation  may  be  said  to 
be  the  static  and  modification  the  dynamic  form  of  a filtering  pro- 
cess. Before  going  further,  it  will  be  necessary  to  clarify  what 
will  be  meant  by  information. 

Consider  three  binary  variables,  x^,  x^,  x3#  Assume  that 
the  value  combination  which  occurs  at  a given  time  is  determined, 
wholly  or  in  part,  by  an  external  source  of  which  no  knowledge  is 
available  otherwise.  Under  these  conditions  the  three  variables 
are  said  to  be  carriers  of  information  relative  to  the  source- 
In  a digital  compu'ier,  the  source  may  be  the  problem  data  and  the 
instructions  pertaining  to  a particular  problem  of  which  no  know- 
ledge is  had  at  the  time  of  tha  deign  of  the  machine#  A counter 
or  any  other  logical  circuitry  which  solely  depends  on  the  machine 
cycle-  that  is,  whose  state  is  predictable  at  all  times,  independent- 
ly of  the  input  data,  has  no  information  content  relative  to  the  in- 
pvt  data  xn  this,  sense. 


IT 


Let  it,  for  the  moment.,  be  assumed  that  the  variables, 
x^,  x^,  Yy  depend  entirely  on  the  input  data,,  that  they  are  sub  - 
ject to  no  restrictions  due  to  the  machine  structure.  It  is  natural 
to  suppose  that  the  input  data  is  distributed  evenly  over  the 
possible  combinations  if  a large  variety  of  problem  types  is  taken 
into  consideration.  This  means  that  each  variable  mil  have  a 
prohnnil  ■>  ty  of  one-half  of  takir.;;  on  the  ,'a.lue  1 and  a probability 
of  one-half  of  taking  on  the  value  0 independently  of  the  value  of 
the  other  variables.  Then  the  eight  possible  value  combinations 
listed  below  mil  each  occur'  with  the  probability  of  on3~eighth* 


*1  x2  x3 

0 0 0 

10  0 
0 10 
110 
0 0 1 

10  1 
Oil 
111 


Each  value  combination  corresponds  to  a symbol  in  a discrete 

•ft 

noiseless  system  as  discussed  by  Shannon  • He  has  introduced  a 

HJ*L 

measure  for  the  information  per  symbol"''. 

n 

H - -K  Pi  2.26 

i-1 

* 5 

See  The  Mathematical  Theory  of  Communication  , page  7. 

""3ee  The  Mathematical  Theory  of  Comnunioation  , page  19. 
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where  j ^ is  the  probability  for  the  occurrence  of  the  i!  t.h  symbol  of 
n possible  o/mbcls  and  K is  e constant.  dei.emiAdrg  the  unit  of 
measure . Let  K“i  and  let  the  logarithm  with  base  2 oe  used;  then, 
in  the  case  presented  above. 

H * ••  8«  1 >%2  jv  * 3 bits 

Frequent ly  the  machine  structure  imposes  restrictions  upon  the 
information  carrying  variables.  Such  a restriction  m<v  be  written 
in  terms  of  a logical  equation,  for  example, 

* 0 

excludes  the  two  last  value  combinations  in  the  table  given  above. 
Again  assuming  an  even  distribution  of  combinations,  the  amount  cf 
information  will  be 

H « - 6 ^ log-  ~ * 2.50  bits 

The  restriction  thus  decreases  the  amount  of  information  per 
symbol. 

Next  consider  a fiinctd.cn.  f(x),  of  the  three  independent  vari- 
ables. x. . x_,  x...  let  the  function  be  the  one  shewn  in  Figure  2»h 
j.  2 o 

page  12, 

f(x)  - ■ 2.29 

Suppose  now  that  a certain  combination  of  values,  x^,  x^, 
occurred  at  a given  timei  then,  even  if  it  is  not  known  which  one 
actually  did  occur,  a clue  is  to  be  had  from  tne  knowledge  of  f(x). 
Referring  to  the  table  on  pages  1?  and  13,  if  f(x)*0  then  one  of 
the  combinations,  or  symbols,  number  ii,  5,  or  6,  must  have  occurred; 
which  one  cannot  ne  determined  without  further  information . A 
switching  function,  therefore,,  convey?  some  of  the  information  pre- 


sent in  the  variables  of  which  it  is  a function. 
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S^iiCr.  ci  eiii^ic  aWivChiiig  f uiu;  i*xuu  vtixy  repx'eaenoB  uwo  possible 
symbols,  0 and  1,  one  of  which  must  occur  equation  2*26,  for  a 
single  switching  function  becomes 

“ * -[v  + ) 1°§2  ^“p'j  bits  2»3C 

The  maximum  value  of  this  expression;  1;  occurs  for  p"Sfc^  A 

w 

single  switching  function  will,,  therefor e,  never  convey  mnrf*  than 
one  bit  of  information  about  its  variables,,  If  more  information  is 
desired  several  switching  functions  must  be  employed. 

If  Xp  x?,  and  x^  are  unrestricted  the  amount  of  information 
conveyed  by  f(x)  ■ can  be  fovm-  -7  counting  the  I's  and 

Cr 5 in  the  table  on  pages  12  and  13 » 

H - log 2 | £ log 2 |]  bits  - 0.96  bits 

If  several  switching  functions  are  considered  the  total  amount 
of  information  conveyed  by  the  set  is  always  less  than  or  equal  to 
the  sum  of  the  amounts  of  information  carried  by  the  Individual 
functions.  If  it  is  less*  the  functions  are  said  to  be  dependent. 

In  analyzing  the  information  conveyed  by  a set  of  switching 
functions;  two  functions;  f and  g may  serve  as  an  example.  The 
two  functions  represent  the  equivalent  cf  four  different  symbols* 
one  of  which  must  occur, 

3y  counting  the  number  of  x-combinations5  the  combination  of  x^“l5 
v°>  x^"l,  for  example,  for  which  each  symbol  occurs  and  dividing 
the  numbers  by  the  total  number  of  x-c ombinations  a probability  for 
each  symbol  is  derived.  Let  pJhCx^XgsXy  • « ,![|  be  the  ratio  of 

jj.  & 

"See  The  Mathematical  Theory  of  Communication^,  page  20. 
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the  number  of  x-combinetione  for  which  hCx^Xg**. « • • .)  ■ I to  the 
total  number  of  x-combinations;  then  these  probabilities  arc  easily 
seen  to  be 

P[f  *g]  9 pOT*  ^ • p[f-g3  j and  ?[f:  -S3 
By  use  of  these  probabilities  in  equation  2028;  the  amount  of  informa- 
tion may  be  commuted. 

The  discussion  above  establishes  the  means  by  which  the  logical 
elements  of  a digital  computer  modify  and  interpret  binary  coded 
information.  It  shows,  by  adoption  of  the  quantitative  information 
concept,  how  this  information  can  be  measured,  and.  by  virtue  of 
equation  2*28,  it  points  to  the  importance  of  distributions  in  the 
mechanism,  A set  of  switching  functions  will  be  said  to  represent 
an  information  filter. 


As  a simple  ample  of  filter  consider 


f(x1,  Xg)  - x1 

2.31 

“ xixi*x^2t 

2.3? 

Note  that 

g-  - (x-  '+Xj'K^tXg)  - x-jXg  * + x1tx2 

Derive 

■ *2*2 
f’g  - x2 • 

f g5-  x^' 
f«g'»  x1'x2 

then 

- \ 


p[j*3"  p&t]  " p[r*e! 


r 
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and 

H • U.J  log ^ jj  - 7.  bits, 

meaning  that  there  is  no  loss  of  infonnatior  in  die  filter.  As  a 
consequence  it  wist  be  possible  to  solve  for  x^  and  x0 • Put  into 

a b 

the  equation  2,32  the  value  • f from  equation  2,31, 

Z - f«x2  ♦ f'x2'  } 
cferive  g’«  fx0 1 ♦ ffx0 

*•  %m 

Multiply  the  first  or  -these  two  equations  by  f and  the  second 
by  f*  and  add  them, 

g.f  + g»  .f'  - fx2  «■  f 'x2  • x2 

The  solved  equations  /ire,  therefore, 

x,(f.g)  - f 

l - 

Xg(f,g)  • f*g  ♦ f'*g' 

I 

t ? 

I 

i 

i 

i 

I 
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CHAPTER  III 

THE  ARITHMETIC  OPERATION  ON  NUMBERS 

A digital  computer  interprets  and  modifies  the  information 
present  in  its  input  data.  The  interpretation  serves  to  trans- 
late the  instructions  into  machine  language  and  the  modification 
consists  in  arithmetic  operations  to  be  carried  out  upon  the 
input  data  in  accordance  with  the  instructions.  The  ders  v aticn 
of  a square  root  to  three  significant  digits,  the  summation  of 
a set  of  numbers,  and  the  calculation  cf  a determinant  are  all 
examples  of  arithmetic  operations* 


0 

1 

2 

3 

b 

5 

6 

7 

8 

9 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

rs 

J 

1 

0 

1 

2 

J 

h 

5 
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6 

8 

10 

12 

1 h 

16 

18 

3 
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6 

9 

12 

19 

10 

21 

2b 

21 

b 

0 
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8 

12 

16 

20 

2b 

28 

32 

36 

9 

0 

9 

• 

XU 

19 

20 

29 

30 

39 

bO 

U5 

6 

0 

6 

12 

18 

2k 

30 

36 

b2 

lift 

—v  — 

5b 

7 

0 

7 

Ik 

21 

28 

39 

k2 

b9 

96 

63 

8 

0 

8 

16 

2k 

32 

bo 

U8 

96 

64 

72 

9 

0 

9 

18 

27 

36 

b5 

9b 

63 

72 

81 

Table  3*1  ~ Multiplication  of  two  decimal  digits 
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Let  one  particular  arithmetic  operation  b-»  considered  separate- 
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ly,  that  is,  let  the  information  content  inherent  in  the  choice  of 
one  arithmetic  operation  out  of  several  be  ignored  for  the  moment; 
then  a filtering  process  on  numerical  data  is  at  hand0  kl  the 
time  of  the  design  of  the  machine,  the  numerical  data  can,  of 
course,  not  be  predicted.  The  arithmetic  element  must  then  be 
capable  of  handling  a finite  set  of  numbers*  or*  in  the  language 
of  the  Theory  of  Communication,  a finite  sec,  of  symbols* 

Consider,  as  an  example,  the  multiplication  of  two  decimal 
digits  (see  Table  3*1), 


Symbol 

Occurrences 

Symbol  Occurrences 

Symbol 

Occurrences 

0 

19 

19 

2 

U0 

2 

1 

1 

16 

3 

li* 

2 

2 

2 

18 

h 

U5 

2 

. 3 

2 

20 

2 

ii8 

2 

li 

3 

21 

2 

U9 

1 

5 

2 

2li 

li 

5U 

2 

6 

k 

25 

1 

56 

2 

7 

2 

27 

2 

63 

2 

8 

h 

28 

2 

61i 

1 

9 

3 

30 

2 

72 

2 

10 

2 

32 

2 

81 

1 

12 
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35 

2 
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2 

36 

3 

Table  3< 

, . - Frequency 
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upon  two  decimal  digits  has  one  hundred  possible  input  symbols.-  any 
combination  of  two  decimal  digits,  and  37  possible  output  symbols- 
occuring  with  the  frequencies  indicated  in  Table  3s20 

Assuming  the  input  evenly  distributed  over  all  symbols  that 
is.  that  all  input  symbols  occur  with  the  same  probability,  the 
information  content  is 


Hi ' -lor'ife^2  -m 


6„6U  bits 


The  information  content  in  the  product.,  the  output.,  is 
Hq*-[0.19* log jO • 19  4 5 * 0 • 01  log gO  *01 t 2 2 *0  *02  * i og ^0 . 02^ 

U*0.03  loggO.CV^O.OU  log20.0u]  bits  - U.80  bits 

As  is  understandable-  since  there  are  only  37  output  symbols 
compared  to  one  hundred  equally  probable  input  symbols-  a loss  of 
information  has  taken  place. 

From  the  above  it  is  clear  that  any  discrete  filter  which 
bring 8 about  the  correct  distribution  may  serve  as  an  arithmetic 
element  for  that  operation.  The  amount  of  information  in  the 
output  must  at  least  be  that  prescribed  by  the  operation, in 
the  example;  if  it  is  more,  further  filtering  may  be  necessary. 

Ihen  formulated  this  way,  the  problem  of  assign  becomes  one 
of  realizing  a distribution  first  and  then  determining  the  number 
code,  that  is,  the  interpretation  of  individual  symbols  in  terms 
of  individual  nimbers. 

The  choice  of  operation  represents  another  source  of  in- 
formation which  could  be  considered  along  with  the  numerical  data* 
If  considered,  it  would  add  to  the  information  in  the  result. 


Arithmetic  operations  do  not  represent  a 


6rC  '~*1' 


discrete  fillers.  -me  term  merely  serves  to  define  those  filters 
which  are  of  prinary  importance  in  digital  computer  design. 

The  fundamental  operations  on  binary  variables  and  some  of  t heir- 
properties  as  information  carriers  nave  been  discussed  in  the  previous 
chapter-  The  next  step  will  be  to  bridge  the  gap  between  arithmetic 
operations  on  numbers  and  logic *1  operations  on  binary  variables, 
represented  by  switching  functions.  Before  this  step  will  be  taken, 
however,  the  real!  nation  of  switching  functions  by  means  of  diode 
networks  will  be  discussed  in  order  that  some  engineering  design 
aspects,  which  affect  the  logical  design,  may  be  taken  into  account. 
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CHAPTER  IV 

THE  REALIZATION  OF  SWITCHING  FUNCTIONS  BY  MEANS  OF  iHCDE  NETWORKS 

The  discussion  in  Chapter  II  of  the  characteristics  of  the 
basic  logical  elements,  toggles,  gates  and  mixers,  did  not  in  any- 
way bring  in  the  physical  nature  of  these  elements.  In  this  chap- 
ter  a set  of  techniques  for  their  realization  will  be  briefly  de- 
scribed. 

The  Eccles-Jordan  trigger  circuit  is  undoubtedly  the  most 
commonly  used  toggle  circuit.  The  diagram  for  a self-biased 
trigger  circuit  is  shown  in  Figure  U.l. 


Figure  U.l  - Self -biased  Eccles-Jordan  trigger  circuit 

Hie  resistors  R^,  Rg,  and  R.^  arc  chosen  so  that  only  one 
of  the  tubes,  V_  or  Vr,  is  conducting  in  the  stable  state.  When  V. 
is  conducting  assumes  the.  higher  of  its  two  potentials  aid 
the  lower  of  it3  potentials;  when  is  conducting,  the  situation 
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3 5 reversed  • 

Let  the  1-state  correspond  to  conduction  of  the  O-st&te  to 
conduction  of  V^,.  Furthermore,  let  Pq  be  the  O-output  terminal  and 
P.,  the  1-output  terminal.  Then  a 1-signai  corresponds  to  the  higher 

JL. 

plate  voltage  and  a O-signal  to  the  lower  plate  voltage.  These 
signals  *riii  be  referred  to  as  level  signals  (corapire  Cnapter  n, 
page  7)* 

Tn  order  to  change  the  state  of  the  trigger  circuit,  a nega- 
tive pul se  is  applied  to  the  grid  of  the  conducting  tube.  If 
negative  pulses  of  approximately  equal  amplitude  are  supplied 
to  Dotn  grids  simultaneously,  the  state  of  the  trigger  circuit 
will  be  reversed. 


If 


3-1 

Figure  U*2  - Diode  mixer 


For  a mote  d£t<tilwu  account  of  the  operation  of  this  circuit,  see 
R.F JteScal,  Cathode  Coupled  Half  Shot  Multivibrator,  Electronics, 


volume  20,  (September  19h?)  , pages  1|>C-158 
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TVo  nv.tp’.lt  31™®!®  f*T*0!!!  t-WO  Of  HrOi'O  trigger  cirT’ji t?  TT’?V  be 
combined  in  a diode  mixer  as  shown  in  Figure  l*,2,  (the  arrow,  form- 
ed by  the  triangle  in  the  diode  symbol,  indicates  the  direction 
of  the  path  of  low  resistance  for  a positive  current). 

Let  all  trigger  circuits  have  the  same  higher  arid  lower  plate 
ootentials.  Their  plate3  are  connected,  directly  or  through 
cathode  followers,  to  the  points  A,  D,  and  C.  The  potential  3- 
is  considerably  below  the  lower  of  the  two  possible  plate  poten- 
tials. The  resistance  of  R is  large  compared  to  the  forward 
resistance  of  t>  e diodes.  It  is  easily  seen  that  N will  at  all 
times  be  at  a potential  approximately  equal  to  the  highest  of 
the  potentials  at  A,  B,  and  C,  In  other  words,  N will  assume  its 
higher  potential,  that  is,  hold  a 1-signal,  only  if  at  least  one 
of  the  potentials  A,  B,  and  C,  assumes  its  higher  value,  that  is, 
only  if  at  least  one  1-signal  is  present  on  the  input  (compare 
Chapter  II,  page  ?)„ 


A diode  gate  is  shown  in  Figure  h.3 
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3*  is  a voltage  considerably  above  the  higher  trigger  circuit, 
plate  voltage j R-  again,,  must  be  large  compared  to  the  forward 
resistance  of  the  diodes.  Under  these  conditions  H will  bo  ap- 
proximately equal  to  the  lowest  of  the  potentials  at  A,  3,,  and 
C,  or  N will  assume  its  higher  polentiai,  that  is,  hold  a 
1-signal,  if  and  only  if.  all  the  potentials  at  A,  3,  and  C 
assume  their  higher  value,  that  i s,  if  and  only  if,,  all  input  signals 
are  l«srignalg. 

The  trigger  circuit  and  the  two  diode  circuits  described 
above  form  a system  by  which  any  switching  function  can  be  realiz- 
ed in  terms  of  high  and  low  voltage  levels.  This  system  \.ixl 
suffice  for  what  has  oeen  termed  interpretation  or  decoding!  it 
does  not  bring  in  any  modification  of  the  information  stored  in 
the  toggles* 

In  the  majority  of  cases  the  switching  functions  are,  however, 
used  to  control  the  changes  of  toggles  in  other  parts  of  the  computer, 
or,  as  is  the  case  in  most  arithmetic  elements,  to  control  changes 
in  the  very  toggles  from  which  they  are  derived. 

The  input  signals  to  the  trigger  circuits  are  usually  in  the 
f^rm  of  negative  pulses.  It  is,  therefore,  necessary  to  introduce 
a second  type  of  binary  signals,  pulse  signals,  at  least  at  the 
last  stage  preceding  the  input  terminals  to  the  trigger  circuits* 

The  question  now  arises  whether  to  perform  the  logical 
operations  on  the  pulse  signals,  that  is,  to  introduce  the  pulses 
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Pulae  operation  requires  gates  and  mixers  which  have  rise  and 
fall  times  short  enough  to  permit  a faithful  transmits icn  of  the 
pulses*  Voltage  le^el  oper?i i'',e  rec"ir“ s rise  ant!  fall  times 
comparable  to  the  interval  between  two  consecutive  pulses.  In 
systems  where  the  shortest  pulse  interval  is  five  or  more  times 
as  large  as  the  pulse  width  and  where  diode  gates  and  mixers  are 
used,  it  will  generally  be  an  advantage  to  use  the  level  signals 
in  the  logical  circuitry*  Figure  li.lj  illustrates  the  principle  of 
level  cooed  operation  as  it  will  be  used  in  the  design  examples  in 
the  leter  chapters* 


Logical 

circuits 


Figure  li*i|  - Principle  of  level  ceded  operation 

A pulse  gate  receives  on  one  terminal  a level  coded  signal 
and  on  the  other  a pulse  coded  signal*  The  output  signal  is  pulse 
coded.  A circuit  for  such  a gate  is  shown  in  Figure  h*5  together 
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with  the  trigger  circuit  to  which  it  connects 


* 


3+ 


The  signal  at  A consists  of  two  possible  levels.  All  trigger 
circuits  beir^  supplied  by  the  same  twc  supply  levels  B+  and  B-, 
the  levels  at  A will  be  approximately  equal  to  the  two  plate  poten- 
tials of  the  trigger  circui  t to  which  the  gate  connects.  Let,  for 
example,  these  two  levels  be  160  and  110  volts  above  B-  . The 
point  of  the  trigger  circuit  also  has  two  possible  potential 
levels;  let,  in  the  example,  these  two  levels  be  60  and  U0  volt3 
above  B-* **  Furthermore,  let  R If  no  pulse  is  Dresent,E  will 

* 

This  pulse  gate  was  Introduced  by  James  Knapton  and  Louis  Sts vans, 
both  at  that  time  working  on  the  Computer  project  at  the  University 
of  California  in  Berko  ley. 

**  This  example  is  taken  from  the  circuits  in  the  California 
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tend  to  assume  one  of  the  potentials  30  or  55  volts.  Now  for  point 
to  be  sensitive  to  negative  pulses  at  all,  V,  must,  be  conducting, 
that  is,  must  be  at  the  higher  of  its  two  potentials,  60  volts. 
If  A is  at  110  volts,  then  E to  be  at  5?  volts  and  the  diode 

will  be  driven  into  its  conducting  region,  meaning  that  a negative 
pulse  of  adequate  magnitude  applied  at  3 win  reach  the  grid  at 
and  cause  the  trigger  circuit  to  be  switched.  If  A is  at  160 
volts,  then  E tends  U»  be  at  80  volts,,  meaning  that  if  the  negative 
pulse  appned  to  E is  less  than  20  volts,  it  will  be  subject  to  the 
attenuation  of  the  back  resistance  of  the  diode  arid  not  cause  the 
trigger  circuit  to  change  state. 

In  order  to  arrive  at  a pulse  gate  for  a reversing  input  con- 
nection, another  diode  may  be  inserted  between  Dq  and  E.  It  win 
be  noted  that,  due  to  the  two  potentials  at  and  Dq,  a pulse 
win  only  be  applied  to  one  of  the  grids,  the  gnd  of  the  cond\r  t- 
ing  tube,  at  any  time. 


Pulse  signal  £371 

-B- 


Level  signal 


Figure  U.6  - Symbol  representing  low-pass  pulse  gate 


A pulse  gate  of  this  type  which  passes  the  pulse  for  a low 
control  voltage  and  otops  it  for  a high  control  voltage  win  be  can- 
ed a low-pass  pulse  gate#  It  win  be  represented  by  a combination 
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or  two  symbols  an  inverter  symbol  and  a high-pass  pulsr  gate  symbol* 
This  combination  is  shown  in  Figure  L06*  A broken  line  as  shown- 
wj.il  be  used  U:  indicate  a pulse  channel,. 

For  trigger  circuits  with  other  plate  ana  grid  potentials  .than 
the  ones  used  in  the  example.,?,  and  1^.  must  , oi  com  se,  be  chosen 
differently.  The  example  servos  to  demonstrate  the  principle  rather 
than  to  give  engineering  design  details. 

If  pulses  are  supplied  to  the  two  grids  of  a trigger  circui* 
simultaneously  they  must,  as  mentioned,  be  approximately  of  equal 
amplitude.  This  condition  is  easily  fulfilled  m the  reversing 
input  connection  described  above.,  where  the  pulses  originate  in  the 
same  pulse  gate* 


Figure  fa • 7 - Trigger  circuit  with  +wo  pulse  gates 


If,  however,  the  two  pulses  come  from  separate  logical  circuits, 
3ee  Figure  L.7,  alight  variations  -in  levels  at.  and  are  likely 
to  result  in  unequal  pulse  amplitudes  at  the  grids  causing  erratic 
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operation  with  tms  type  of  circuitry.  This  condition  must  be  taker, 
intn  account  in  the  logical  design  where  the  f ollovrir.s  rule  "Kill  be 
adopted.  No  toggle  nny  at  any  to. me  receive  simultaneous  0-  Input  and 
1-input  signals  from  separate  pulse  gates » 
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CHAPTER  V 


COUNTERS  AND  CONVERTING  CIRCUITS 


The  two  operations  to  be  discussed  in  this  chapter  modify  tiie 
information  stored  in  a set  of  toggles.  A counte  r is  an  ar  iuh/netio 
element  oi  a particularly'  simple  type.  3y  a converting  circuit 
will  be  understood  a circuit  which,  upon  application  of  a pulse, 
changes  the  content  of  a set  of  toggles  from  one  value  to  another. 
Although  conversion  would  not  alY/ays  be  thought  cf  as  ar:  arithme:  Lc 
operation,  there  is  no  significant  difference  between  t!ie  two 
operations,  conversion  and  counting.  One  method  of  treatment  vrj.  1 1 
be  used  in  both  cases. 


t . wnrr.  n?  np^A.TICJ: 

Ah  array  of  toggles  storing  binary  variables  belonging  to 
the  sane  logical  unit,  for  example,  a register  or  the  toggles  in 
a counter,  will  be  called  a toggle  group.  The  total  number  of 
distinct  states  in  a toggle  group  is 

2n, 

where  n is  the  number  of  toggles  in  the  group.  The  output  signal 
from  the  group  consists  of  2n  different  symbols,  one  for  each  state. 
These  output  symools  are  evident,  only,  by  simultaneous  observation 
of  tho  state  of  all  toggles.  The  individual  toggle  output  signals 
can  be  subjected  to  logical  operations  as  described  in  Chapter  II. 

In  other  words,  the  information  in  the  2n  output  symbols  nay  be 
subjected  to  filtering  by  means  of  these  logical  operation*. 
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For  the  t.yr*»  of  operation  which  Trill  be  di  ijcussea  here  me 
filtered  output  infonration  will  be  used  to  control  the  change  of 
state  which  Trill  taka  place  in  the  group  when  a pu  i.5e  is  app-4.'i.'.  do 
This  operation  is  shown  schematically  in  Figure  5*1® 


Delays 


Figure  5.1  - General  block  diagram  for  converters  and  Cv*uiioers 


For  each  state  the  logical  filter  specifies  the  next  state  into 
which  the  group  is  to  be  transferred  by  application  of  a pulse 0 
In  order  that  the  pulse  gates  may  remain  unchanged  during  the  pulse,, 
a delay  larger  than  the  pulse  width  but  less  than  the  minimum  pulse 
interval,  is  inserted  between  the  logical  filter  and  the  pulse 
gates.  Such  a delay  is  always  assumed  present.  It  will  not  be 
shown  in  the  block  diagrams  , 


*When  constructed  the  toggle  filter  combination  usually'  provides 
this  delav  automatic  ally  by  virtue  of*  i;;u  finite  riae  and  iaii 
times  present  in  the  circuit* 
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An  operation  of  this  type  is  enuii-sly  specified  when  4 ^e 
transitions  following  each  of  the  2n  possible  states  are  given. 
The  following  see  lions  will  show  how  this  specification  can  be 
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:f  the  fundamental  binary 


variables  *nH  vmw  t.np 


logical  design  folAo^j  imi-iediately  from  this  specification, 

II.  THE  TRANSITION  CHART 

Consider  a group  cf  toggles.  T^,  T^?  T.^,  . , .l“n^9 

and  let  the  state  of  each  toggle  be  represented  by  the  binary 
variables , x^  x9.,  . . .x^.  Each  of  the  2n  P-ssible  states 
of  the  group  will  be  designated  by  the  decimal  equivalent  of  the 
binary  number  represented  by  the  succession  of  binary  digits  form- 
ed by  the  variables  x ,x  . • .,  x_  , x_.  The  arithmetic  ex- 
" n-X'  n— c l 0 

pression  for  this  designation.  d,,  will  be 

d - x0*2°+xl*21+x2*22+.  . •+xn^*2n“-  5.1 

Each  designation  represents  one  symbol  of  the  2n  possible.  No 
identification  of  the  states  with  the  number  represented  by  the 
designation  is  in  ary  way  implied. 

For  purposes  of  explanation  a specific  problem  vrill  be 
formulated.  Let  it  be  desired  to  design  a circuit  for  which  the 
following  transitions  between  the  states  of  a toggle  group  contain- 
ing four  toggles  1^,  T., . T^r  arid  are  required 

I-a»  2 » 3~  !(■«»  7^  8-^  9^- 13^  12  ll-^IC-w 1 j 

0-**0  lWO.;  1^0  * 


This  example  is  chosen  on  basis  of  its  merits  as  & dem ‘.not ration 
modei  . It  is  probaciy  no  1 of  uaj  practical 
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It  'will  be  necessary  to  distinguish  between  the  values  of  the 
variables  before  a transition  and  those  after  a transition.  Let 
the  values  before  the  transition  be  x^,  snd  those  after- 

y^,  y^..  y~ . Ay,  of  course,  becomes  an  x for  the  next  transition. 

Next  it  is  observed  tnat  a state  of  the  group  car.  be  represent- 
ed by  an  equation-  state  9:  for  example,  can  be  described  by 

X3X2  i^l^C  “ 1 5°? 

since  this  equation  is  only  fulfilled  if 

x„  * 1 i x,  • 0 j x,  “ 0 ; x_  ■ 1 

p > t '1  ' 0 

corresponding  to 

£ «•  l®?-'  ♦ O’.'i4'  •“  02^  “ 1»2^  **  $ 

The  states  after  ?.  transition  can  be  represented  by  similar- 
equations  in  y. 

Now,  if  stats  ? is  to  occur  after  state  1 and  only  after  state 
1,  then  this  means  that 

73!y2?yly0'  * 1 
only  when 


x.y -y-t  ■*  i. 
that  isr  when 

y3’y2:ylyC-:  3 VVxl/xn  s.3 

If  state  3 is  to  occur  only  after  start.es  1L,  1;>  an,'.  0r  then 

y3:y2!yl’yo'  " 1 

only  if  one  of  the  equations 

*3ViV  ■ 1 •• 

Kfsh/  v * 1 ’ 
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is  fulfilled,  that,  is-  when 

’h'WV  - *jViV  ' x3Wo  1 'j’VVV  5J* 

is  valid.  Tnere  will  be  an  equation  of  this  type  for  each  y-state. 

In  order  to  save  writing,  let 


«d  - 1 

ho  the  equation  for  the  x- state  corresponding  to  the  ds*1  pnatl  *•.;  d" 
each  s 13  a product,  for  example. 


31U  “ X3X2X1"T05  ’ 
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me  noieiicri  inlroduceu  In  equtliuiir  5*5  «ppliot»  to  aiij  Sj>itS 


of  four  binary  variables,  of  course  . It  can  easily  be  extended  to 
problems  involving  more  than  four  variables. 

The  complete  system  of  equations,  of  which  equations  5>.3  and 
are  examples,  can  be  written  in  matrix  form 
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There  veil  uu  one  and  only  one  1 in  each  column.  If  in  one 
column  tnere  were  only  O’s,.  it  would  mean  that  neither  a transi- 
tion to  any  other  state  nor  lack  of  chanpe  would  be  permissible 
for  the  state  corresoondiiiK  to  tnau  column.  If  there  weie  more 
char  one  1 in  a column,  it  would  mean  that  simultaneous  transi- 
tion to  two  or  more  states  would  be  required  from  the  state  cor- 
responding to  that  column.  Both  cl  these  requirements  would,  of 
course,  be  impossible  to  fulfil* 


When  the  products  t and  s are  always  written  in  the  same 
order  in  equation  5.6^  it  is  only  necessary  to  write  down  the 
matrix  in  order  to  specify  the  trai  sitio.ns.  This  matrix,  with 
the  0 5 s left  cut,  will  be  called  a transition  chart* 
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Transition  chart  for  thirteer.-step  counter 
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which  proceeds  cyclically  through  thirteen  states 
!^^^»6*7*8«,9*>13^2*llW.0WU»etc . 

It  will  be  noted  that  a counter,  unless  it  counts  to  a whole 
power  of  two,  has  a number  of  states  outside  the  regular  counting 
cycle:  these  states  will  be  referred  to  as  n forbidden”  states.. 

In  the  example,  these  states  are  C,  li*  and  1$0  If  only  the 
regular  counting  cycle  is  to  be  considered  the  transitions  from 
the  forbidden  states  are  arbitrary  and  the  ambiguity  can  be  used 
to  simplify  the  design.  In  many  cases  it  may,  however,  be  desir- 
able to  specify  these  transitions  in  the  manner  aiosn  in  the 
transition  chart,  so  that  an  accidental  transition  to  a forbidden 
state  may  be  arrested,  leaving  the  counter  unchanged  in  the 
O-state  after  the  next  counting  pulse, 

III.  THE  TRANSITION  EQUATIONS 

As  the  next  step  the  variables  y will  be  expressed  explicitly 
as  functions  of  the  variables  x,  Appication  of  equations  similar 
to  equation  2,26  to  equations  5,5  will  show  that 

yo  " tlH3n5*t7*t9nu'*ti:*t15 

yi  ‘ ^ VVt7**io*VVtv; 

5.7 

y2  “ 

y3  " ^ 

Equations  5.7  are  perfectly  general;  they  are  true  for  any 
system  of  four  bir-ary  variables  for  which  the  notation  indicated 
in  equations  5,5  has  been  introduced. 
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la 


tty  t.ne  matrix  equation,  equation  ^..6.  however,  each  t is  a 

function  of  • s these  in  turn  being  functions  of 

x,»x-  -x- by  virtue  cf  equation  Tr>  the  example 

u-  x'  <;  j-  “ n 4 

yC  ’ s10+VVVVsi2*“9 

yl  * S1+S2+SU+S6+~11*S1 2 


C fl 


y2  ’ VYVV9i.rsy 

y3  ‘ 5?‘WS12*S13*S5 

By  introduction  of  the  variables  x ( see  equations  5o5) 
equations  5*8p  "which  are  valid  for  the  particular  example  under 
consideration,,  become 

bViV'bVV'o 

yX  ‘ x3ix2,xl'x0^3:x2:xlxt)  *x3:x2xi:xO  ^ 

irVi'V  ?*9 

x3V’i’xo 

y3  “ x3,*2*lVx3VVV*V2!*lV*/tJ*X'V  r>3>2xl  V 

x3WxO 

A simplification  of  the  equations  will  lead  to  the  expend! - 
ture  of  fewer  diodes  in  the  final  circuit  as  will  be  seen  presently. 

Hie  simplified  equations  are 

y0  - *3V(V',x2,}"x 2'h(x0:4x3’>*VxlV 

yi  * Xo'  ■^,x2)'k>C2?X0^X1X3+X1  'X3'  ^ 5.10 

y„  » X„*  (X^(X,  !tK„O^JC,/X„)hC^  ’x, 
c.  j c.  x v-t  jl  £ w ; i \j 

y , - x^x,  • ‘ 


7 


12 


Sr.u«1-io».»  uf  Mils  type-,  giving  tne  03 nary  variables  alter  t/ie 

transition,  as  functions  of  the  binary  variables  before  the  transi- 
tion, will  be  called  transition  equations. 

In  the  next  section  it  will  be  shown  huw  the.  logical  design 
of  the  circuit  performing  these  transitions  can  Le  derived  from 

the  transition  equations. 

IV.  DERIVATION  0?  DESIGN  EQUATIONS 

Let  it  be  assured  that  separate  1-set  and  0-set  input  con- 
nections to  the  toggles  are  to  be  used*  This  type  of  operation 
will  be  called  split  input  operation.  As  Tail  be  seen  presently 
the  functions  corresponding  to  reversing  input  connections  can  be 
derived  easily  from  the  split  input  functions. 

Consider  the  variables  x and  y indicating  the  state  of  any 
one  toggle  in  the  group  before  end  after  a transition.  When  the 
toggle  changes  from  the  O-state  to  the  1- state,, 
x ■ 0 and  y ■ 1 

When  it  changes  from  the  l-state  to  the  0-state, 
x • 1 and  y » 0 

Then  the  function 

h1  • y(x,  . . •)x‘-y(0.  . . .)x! 
assumes  the  value  1 when  the  toggle  changes  from  the  0-state  to 
the  1-state  and  the  function 

h°  - y»(x,  . . .)xr-y’(l,  • . .)x 

becomes  1 when  the  toggle  changes  from  the  1-state  to  the  0-state* 

A 1 

‘tne  functions  h”  and  h“  are  then  two  usable  input  control  functions 
since  each  assumes  the  value  1 '//hen  the  input  temb.uul  <*ssoc iated 
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serve  as  input  control  functions;  y and  y*  would  provide  input 
pulses  both  wher  the  toggle  is  required  to  change  state  and  when  it 
is  required  to  remain  unchanged,  a 1-input  signal,  for  example, 
would  be  provided  when  the  toggle  is  to  remain  unchanged  in  the 
1-state.  The  functions  and  h®  are  usually  simpler  to  form  than 
y and  y';  however,  in  a very  few  cases  where 

y(05  . . •) *y! (l,  . . .)  « 0 5*13 

the  factors  x*  and  x may  be  left  out  in  the  control  functions 
h ■ y(0 , . • . ) 

o 5 *11* 

h°  -y'(l,  . . .) 

Equations  5*13  and  5*li*  are  in  accordance  with  the  design 
rule  introduced  in  the  last  paragraph  of  Chapter  IV,  page  32. 

When  equations  5*11  and  5*12  are  applied  to  the  transition 

equations,  5.10,  O-set  and  1-set  control  functions  are  derived* 

These  functions  will  either  pass  (for  the  value  1)  or  stop  (for 

the  value  0)  the  counting  pulse  on  its  way  to  the  input  terminal 

of  the  toggle* 
k 

Let  h^  be  the  input  control  functions*  the  subscript  n indicat- 
ing the  toggle,  n“0,l,2,3,  and  k indicating  whether  it  controls  the 
input  to  the  1-terminal  or  the  0- terminal,  k»l  or  k»0. 

Equations  5*10,  5-11*  and  t*12  then  give  for  the  transition 
sequence  given  on  page  35 

hJ  • VV^V  •(! V ^"iVlV 

hl  -&yYVV*iVK' 

ho 


5.15a 


V 


—4  i • *• 

Ui 

hi  * LVW^VJ-V 

5a5b 

^ ‘ [WWl'^V 

5^.5c 

h3  ■ 

5.i5d 

Then  the  O-input  control  functions  are 

^ * W C1*'  (°*V )*x2,Xi(0^3)H).x1.i3' 

ho  * C^W^V  ],xo 

hO  * C(i3X1,4i1X3,)  V ]'xO 

hO  " Sx3'+xi^xi''*x3^  * X2^ ' xO 

hO  ' &3'x1,<x3I1<I2]-xD 

5.l6a 

similarly 

h?  * C*o(x2<x3,)  * x3(x2*xo')lxl 

5.16b 

h2  ‘ &l(x3*xn)  * X3V]-X2 

5*l6c 

h3  * Cxl(x2*xo')]-x3 

5J.6d 

As  mentioned,  equations  5.13  and  5*1 h indicate  that  there  is  a 
possibility  fear  leading  out  the  x' -factors  in  1-input  control 
functions  and  the  x-f  actors  in  the  O-input  control  functions  ap- 
pearing outside  the  brackets.  The  condition  for  dropping  these 
factors  is  that  the  product  of  the  brackets  appearing  in  and 
h®  for  one  toggle  is  identically  sero  (see  equation  5.13).  To  check 
this  possibility,  consider  each  product. 

0*3*! ' ^ * ( * , ' )]  [*3  ’ "I  ’ +X3Xl+X2l  " 

x^x,x^‘+x-x-x,  d 0 

Jl  C.  1 C X X C .■»  » 

[xo'x2~2'V3iUxb!x2*x3')*x3(x2V)J  *IOx3’Is'*I3Vo’f‘  0 
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T'-e  output  from  is 

f3  " *b,xl*f2  (3  diodes) 

And  the  output  f^om  Lip 

I'j  • f^+f^  (2  diodes) 

f»  “ x„: x-, 'x.,+x_'x- (x- ; +x  - h1 

4 «->  x U O X £ J O 

The  total  number  of  diodes  needed  in  the  formation  of  h^:  is 
3+2*3+2-10  diodes 

Next,  the  simplification  possible  by  leaving  the  transitions 
from  the  forbidden  states  arbitrary  will  be  demonstrated* 


V.  THE  TRANSITIONS  FROM  F0R3IDD3I  STATES 

The  forbidden  states  0,  ll*,  and  1 $s  before  the  transition, 
ore  represented  by  the  equations: 

VWV  “ 1 

*f?lX 0*  * 1 
Wo  -*1 

If  these  states  are  never  present,  then  the  equations 

’ 0 

Wo'  * ° 

x3Wo  * 0 

axe  always  siruultantjuusly  fulfilled,  or 

*3  WV  4 x3Vlxo'  * *3Vl*n  • 0 
which,  after  reduction,  becomes 

X *X  1 T *x  ' — 0 
3 X2  l *0 

x^x^x,  - 0 

> c X 

From  this  follows  in  particular  that 


and 


5.17 

5.18 


r 


v U6 

r y ( y I v +v  v J Y1  r v I *T  N » I?  ■ V V V I _l  A 

L---o'-3  "i  " j'l  -o'  ~r*a~3  ^ w 

Px^x.xJ  fx.  (x_*x  »V]  - x_x/jc_,  •.*  0 

In  the  case  considered,  no  further  simplification  by  this 
means  is  possible. 

The  block  diagram  for  the  counter,  as  represented  by 
equations  ^.1^  and  °>.l6.  is  shown  Ip  fl'lcnino  5.3;  di*gr<»r’. 

assumes  a pulse  gate  which  passes  the  pulse  when  the  control 
signal  is  1* 

The  total  number  of  diodes  required  for  the  formation  of  a 
set  of  switching  functions  can  be  found  by  counting  one  diode  for 
each  input  to  the  mixers  and  the  gates.  This  i3  the  equivalent 
of  counting  one  diode  for  each  product  term  and  one  for  each  sum 
term  in  the  switching  functions  (compare  Chapter  IF).  "When  a 
logical  expression  appears  in  several  places  it  may  be  advan- 
tageous to  form  it  in  only  one  place  in  order  to  reduce  the  total 
number  of  diodes  needed.  Simplifications  of  the  logical  equations 
aim  at  reducing  the  number  of  diodes* 

In  the  diagram.  Figure  5.3,  the  function  is  needed  in 

three  places,  for  the  formation  of  hy  h^,  and  hg.  The  output  of 
one  gate,  located  below  Ty  supplies  the  function  for  all  three 
circuits* 

Consider  the  formation  of  hj  in  the  far  left  of  the  diagram. 

The  output  function  from  is 

^ - xQ,x1»x3  (3  diodes) 

The  output  from  is 

f2  ■ x2»-»xy  (2  diodes) 
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h8 


VVi  • 


This 


simplifies 


hS,  and 
xCxix2x3,“ 


somewhs' 

X0X1X2 


kj.  ■ Dco(x2+x3  ^ + X3*'X2+X0*  ^ *1 
' LV'x2^3,)*x3‘xr,<]*i 

* [>x(*3*V  * X3Io3x2 


’ IhWol  x? 

h°  • ‘ *iVx3 


For  unspecified  transitions  from  states  05  lii,  and  V~>s  the 
input  control  functions  will  then  be 

hO  " Cx/l'*xx<x2'*x3’>]xo' 

hl  ■ ['Xo'X2  **2  *f>'W 

h2  * C^0(x3!xl*x3xi)^x2: 

h3  ' Vlx! 

ho  ■ ri'3'xi*x3jci*x2]xo 

"l  * [x0(xs^3')*x3x0>]x1 
h2  " Lxlxo  ‘x3xo'i  X2 
h3  * xlxo'x3 


Each  of  the  functions  5*19  uid  5*20  take  on  the  value  1 when 
a pulse  is  to  be  passed  by  the  pulse  gate  which  it  controls*  For 
the  pulse  gale  discussed  in  ChapLei-  17  ii,  lumevex-,  x-onuiieu. 

that  the  control  voltage  be  at  the  lower  value  when  the  pnlee  was 
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Lu  bo  passed  tsae  page  2v);  this  will  correspond  to  the  value  0 
for  tne  functions  5»19  and  5.20*  In  order  to  derive  the  control 
functions  for  this  type  of  a pulse  gat^  if.  is^  Therefore,  necessary 


to  derive  the  inverted  functions  of  5oi9  and  ^.20, 


(Kq)  ' ■ (x,1-^)  (x^’rx^x^)  ♦ y*0  « x^'-x.  >ixix2X}*XQ 


■v  * -v-  t +V 

-3  "i  “0 


Use  has  been  made  of  equation  5*18* 
1\ • 


(h1) 5 - (xQ+x2I)(x2-»x05>x3)'*rx1  * ^,fv(.;+x,sx  ^ 

- x0(x2^3)bx2^(x0>rx3)*x1 

(h2) 5 - xQ-  +(x3-»x1 ; )(x^>  tx_, )+xv  » x0* tjcy^  +x  >x.|  t > 

(h3)‘  - x^tx^-x^ 


5.21 


(h0)’  • (rj<xi)(jt3,*xi:)*2,<*o’  ■ VbV’VVV V 

(bl)'  ’ (xo:<Vx3>(I3'*V‘V  ” xo'x3''^’Vo”V 

<*£)’  ■ (ij'Oj’Kiyid)^'  * VV^V'V'Vi5 

■ x3,(xV  V)**2,,V;:i: 

(h°)^  - 

The  block  diagram  is  sherrm  in  Figure  /<>L, 

The  realization  of  t.he  functions  by  the  nJ.rirr.um  number  of 
diodes,  not  the  subject  for  investigation  lie r «•>_,  provides  a rather 
distinct  mathematical  problem.  As  mentioned  earlier,  an  approach 
to  this  problem  for  a number  of  simple  but  important  cases  hoc  been 
made  at  the  Harvard  Computation  Laboratory  * It  should,  howevai* 


See  Synthesis  of  Electronic  Comi.utl.c.  an -*  Co.itrol  Circuits''  pagi?  £0.^7 
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be  kept  ir.  mind  that  although  a mathematical,  problem  nan  ha  dafinoH^ 


a number  of  factors  which  are  difficult  to  express  analytically 
enter  into  the  question*  As  is  the  case  with  equations  5*21?  a 
solution  reasonably  close  to  the  minimum  can  n anally  he  arrived 
at  by  mere  inspection  of  the  equations.  Factors  such  as  the  in- 
clusion of  a left-over  tube-half,  not.  taken  into  account  in  the  first 
design  approach,  or  the  availability  of  increased  driving  power  from 
some  toggles,  due  to  circuit  features  not  included  in  the  problem 
at  hand,  may  make  a mathematical  minimum  meaningless.  They  can, 
however,  well  be  taken  into  amount  v;hcr.  the  equations  are  merely 
inspected* 

The  translation  from  the  block  diagram  in  Figure  SJU  to  the 
actual  circuit  does  not  present  any  logical  problems* 

It  remains  to  discuss  the  use  of  reversing  input  signals* 

A control  function  for  the  reversing  input  pulses  m ay  be  derived 
by  observing  that  the  function 

h * y'x  ♦ yxf  5.22 

assumes  the  value  1 only  when  the  toggle  changes  during  the  transi- 
tion. In  order  to  obtain  the  control  functions  for  the  described 
diode  pulse  gates.  h«  is  derived* 

h!  * yx* y'x’  5.23 

After  the  derivation  of  reversing  control  functions  from  the 
transition  equations,  equations  5.10  in  the  example,  the  simplifica- 
tions and  the  dasign  can  be  arrived  at  in  exactly  the  same  manner 
as  for  split  input  connections. 

It  will  be  noted,  by  comparison  with  equations  5.11  and  5 .12 

I 

i 


4 
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that 

h - h1*0  $J2h 

The  example  above  was  Intended  to  demonstrate  the  method  rather 

than  provide  a useful  circuit.  Another  example  of  sore  practical 

nature  *111  be  given  in  the  next  section  of  this  chapter* 

VI.  1 CONVERTING  CIRCUIT 

4a  the  next  exaxple  let  the  problem  be  to  design  a circuit 
which  will  convert  the  aontent  of  four  toggles  between  the  1-2-U-C 
System  and  the  X- 2-iw  system.  Let  the  notation  be  the  same  as  in 
the  previous  example;  the  variables  before  the  transition  are 
x^x^jX^Xy  and  after  the  transition  yo,7l,y2,y3*  produc  ts 
in  z are  Sp  • • • , s^,  and  the  proebeta  in  y,  t^,  . . . . t. 

The  two  codes  refer  to  two  w^jr*  of  rwnresenting  « 

decimal  digit  in  terms  of  foitr  binary  variables.  The  number  in 
the  code  designations,  far  sxmanle.  1-2-h-?,  are  the  weights  as- 
sociated with  each  binary  variable  • The  formula  for  the  numerical 
value j v,  corresponding  to  a symbol  in  the  l-?-4t-8  system  is 

v - *2*8  * x2»U  ♦ ^.2  ♦ Xq-1}  5.25 

the  value  is  that  of  the  designation  introduced  earlier  (see 
equation  5.1)  for  four  variables.  In  the  1-2-4-7  aystes,  the 
value  is 

u - 5.26 

Only  in  some  of  the  maber  codes  is  it  possible  to  calculate 
the  value  by  me  his  of  a simple  formula  like  5»25  and  5.26:  in 
general  it  is  not  possible  to  associate  each  binary  digit  with 
a constant  numerical  weight.  A table  of  values  and  tbs  correspond- 


ing  combinations  will,  of  course,  describe  an  arbitrary  number  code 


The  tab!  es  f Oa 

XU.  X X 

uio  vnw  nj  o uo»vo  j 

1— 2— «+— S 

and  l-2-4i-7. 

pt-o  ghrrorn 

Table  5*1* 

State 

Designation 

xo  =1 

*2 

** 

Numerical  Value 
l-24i-8  1-2-U-2 

0 

0 0 

0 

0 

C 

C 

1 

1 0 

0 

0 

1 

1 

2 

0 1 

0 

0 

2 

2 

3 

1 1 

0 

0 

3 

3 

)i 

0 0 

1 

0 

k 

k 

5 

1 0 

1 

0 

5 

6 

0 i 

1 

0 

6 

7 

1 1 

1 

0 

7 

6 

0 0 

0 

1 

8 

9 

1 0 

0 

1 

9 

10 

0 1 

0 

1 

11 

1 1 

0 

1 

b 

12 

0 0 

1 

1 

6 

13 

1 0 

1 

1 

7 

Ui 

0 1 

1 

1 

8 

lb 

1 1 

1 

1 

9 

Table  5.1 

- The  1-2 

!— it— 8 and  the  1-2-J;-?  number 

systems* 

Now  let  an  arbitrary  number  in  the  l-2-J*-5  system  be  stared  in 
the  four  toggles.  By  application  of  a pulse  to  the  circuit  this 

coEbinEtion  is  to  be  converted  to  ihs  sssbiseticc  rs’^'cscntir''  the 


same  number  in  the  1-2-J*-?  system* 
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If  a nvsabwr  in  the  system  is  stored  in  the  toggles-  applica- 

tion of  a pulse  tc  the  same  print  must  cause  the  combination  tv 
change  to  the  equivalent  1-2-J4-8  combination,,  Application  of  two 
pulses  leaves  the  toggles  unchanged.  These  requirements  soo'"' ; y 
a transition  from  each  state  with  the  exception  of  state  Number  i0o 
Let  the  transition  from  this  state  be  loft  arbitrary-,  that  is-.  let 
810  or  omitted  in  the  equation ss  whichever  leaves  them  in 

the  simpler  form. 

The  transition  chart  for  the  conversion  is  shown  in  ifigure  5e5» 


0 1 2 3 k 
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Ihmiw  5;5  - Transition  chart  for  conversion  between  l-2-J;*4j  system 


and  1-2-ii-?  system 
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The  transition  equations  are  obtained  from  the  transition  chart 
by  means  of  equations  5*7,  repeated  here, 

70  - H * ‘3  * *5  * *7  * *9  * *11  * *13  * *15 

”l  ’ *2  * '3  * ^5  * n * *“lo  * hi  * *11,  * *15 

y„  ■ ti  ♦ ♦ t,  * t_  ♦ t.  _ ♦ t-  ♦ t.  . + ♦.  . 

c u ? o i Ld  ±3  m X5 

ys  - ‘8  * *9  * Ho  * *11  * h?  * hi  * hi,  ♦ *15; 

T0  ■ aX  + *2  * 811  * a13  * s15  ,s?,s7*  *s 

yl  ’ *2  * *3  * ”l2  * *13  * Oic]  * “S  **0  * *9 
y2 ' 1 * ”ll  * =12  * *13  + “6  * "7  * s0  * °9 
y3  ’ fU.  * *15  * ["lo3  * =5  * s6  * s7  * s8  * »o 
It  follows  that 

*0  - xo 

x3Vi,*x3i2Jij  ■ x0 

yl  *x3,x2,xl(x0,x0,>‘x3x2xl’(l0<x0,’,x3'x2xl’1c  >X3X2,Xl'txo''^0)' 

where  s^  has  been  left  out0 

yl  ‘ X3,X2,X14I3I1’(X2<X2,)’X3,X2X1,X0 

yl  * WW^Wo' 

'l  ‘ VVVVS^Vb* 

where  equation  2,2 1*  has  been  applied 

y2 ' V’ft’VWbW^VJ* 

VVi(  W ^jVV  <xo**o'  > 

72  ’ x3xl,(x24x2,)<x3,x2xltx3'x2xl'10!*xjx2,xlx0 
72  ’ I3(X1'*X1X2,I0)<X3'X2(X1*X1,X0'> 

y»  • /-U.V  * ~ Ni..  t.  aw  t\ 

“ ~2  *0'  ~3  ~2V~L  ~G  ' 
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' I < mil  •mtirnmmwmm 


n 

i 


y0  • x,x, 'tx.>x,.‘x^tx.*,x,>(x.rx..O*x.JC.Jx-x~* 

•■  J J-  J c.  v/  j e.  x y 3 <:  A U 


where  a. _ haa  been  added: 
10 


but 


giving 


I*'*I*,IlIo'  ' i3(Xl'<XlX8,X0,)  ’ I3Xi'*V2,V, 


” ,W  !-,(*«») 


2 

y2  ■I3(*l'*Ij’,“3!l2(ll<Io') 

y3  * I3Vl(lc3*x0')4I3,I?3T”'0'>x3'x2XlU0*x0,)+ 

x3x2,xi,(W)' 

idle  re  has  been  left  out; 

”3  ’ V-l(l3’*3')  V?’1I!flc3'x21I,I0 

y3  ' ^WW^’V 

y3  - VvvV^'Y 

Written  together  the  tranaition  equations  are 


*0 

7\  * VW’^Wo5  5. 

y2  - 

y3  ' x2:xl’x3'X0)*x3x2’xl' 

From  equations  5*28  the  split  input  control  functions  are  de- 
rived  in  accordance  with  equations  5«11  and  5ol2.  The  1-input  con- 
trol functions,  assuming  the  value  1 when  a pulse  is  to  be  passed,  are 
1$,  h2» 

h0  " °*V  " 0 

"l  ■ V * OyVoK*  S’ 

h?’  [13(’cl'*1,*x3,-0‘(xl*xo')5  x2’  * I^V 

h3  ‘ &2(V1’I0),°‘I5,'X35x3'  ' CMWlV 
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The  C->input  ccntro  1 functions,  assigning  thG  value  1 when  a pulse 


is  to  be  passed,  are 

•h-6  ' M*b  * 0 

h°  - t*3*V  •O-(*3**2*0)J'*1  - 

h°  - Q*3(x1>40)^3,.l.(xl**0')].x2  - 5^3o 

*2  " D'jWj’VK 

.0 

3*  - (x2(x1-K).r0)^l«x2»x1‘]»x3  - [(Xg'+^OCxo^yix^  - 

Ol'ij^'xg  x3 

Application  of  equations  5.13  and  5*ll*  does  not  simplify  these 
equations  farther. 

The  following  reversing  input  control  functions  hQ,  h^  h?  and 
h^  are  derived  in  accordance  with  equation  5*2U. 

hQ  » 0+0  • 0 

hl  ” <Wb)V*<V*2)xl  ‘ X3*I2(-oV'*Il)  ' 

h2  • I3X2,,(l3Il*Vt3':rl’;i2  ■ I3(X2,*I2rl)*I0X3'Xl'X2  * 5*31 

I3tV,*l)*xOx3,VI2 

h3  ■ 

Prom  equations  5°?9  and  5*30  a circuit  employing  split  input 
connections  can  be  dr aim  immediately.  If  reversing  input  connections 
are  to  be  used,  a circuit  can  be  drawn  from  equations  5.31. 

If  tiie  pulse  gate  described  earlier  is  to  be  used,  each  input 
control  function  must  be  inverted  in  order  to  provide  a low  voltage 
for  the  pt.ss  position  of  the  gate. 

If  only  one  way  conversion  is  to  be  performed,  strong  simplifica- 
tions, due  to  increased  redundancy,  are  possible.  Let  the  circuit  be 
limited  to  conversion  from  the  l-2-ii-8  system  to  the  l-2uii-?  system.. 
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In  that  cane  the  following  states  are  forbidden  before  the  transition 


10,  11,  12,  13,  Hi,  15 

meaning  that  the  following  equations  in  x are  always  true 


x3x2,xixo'  • 0 

xyL2Ll'xo  * 0 

x3VVo  • 0 

WiV  ■ 0 

5*32 

VWV  ’ 0 

x2Wi 0 ■ 0 ’ 

or 

I3I2’I1<I0,,X0),I3I2X1,(5[0,4X0)<I3I2X1(I0’4T0)  * 0 

x3x';Vx3I2(Vxl')  ■ 0 

» 0 

x3(Xj*x2)  - 0 5*33 

or 

xyc^  • 0 and  x^Xg  ■ 0 

Equation  5*33  ia  the  redun  1*107  equation  characteristic  of  the 
1-2-4-8  system.  The  following  relations  are  useful  when  the  redundancy 


equation  is  applied 

*3,xl  * V Wl  ■ *1 

5o3U 

x3'x2  ’ x2 

5.35 

xf2  * x3 

5*36 

X3X1*  ' *3 

5.37 

Older  these  conditions, 

equations  5»29,  5.30,  and  5.31  are  sinpli- 

fled  considerably. 

hJ-0 

0 

■ 

• wav 

h2-x3 

hj 

0 5.3B 

h2  ’ ViX2 

• X.?X  +T  ^ 

"3  2 1 O' 

h?  » 0 

V 


6l 


H an 

***n  » 

h,  ■ x0rr„(x„rx_, ) 5.39 

▲ u v ▲ 

h2  ' V*bYT2 

h3  - XjC^o) 

The  block  diagrams  corresponding  to  equations  5^36  and  $„39  are 


shown  in  Figures  5*6  and  5*7 
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3U12IARY  OF  THE  CHAPTER, 

It  is  characteristic  of  the  circuits  discussed  that  applica- 
tion of  p pulse  causes  s transition  from  one  state  to  another  to 
take  place  in  a toggle  group. 

In  the  case  of  a counter,  a sequence  c.f  states  is  repeated 
cyclically  by  continuous  application  of  pulses;  certain  states,  the 
forbidden  states,  never  occur  in  the  regular  counting  period,  in 
the  case  of  a converting  circuit,  the  content  of  the  toggle  group 
is  changed  from  one  value  to  another. 

In  all  cases  the  transitions  can  be  specified  by  means  of  a 
transition  chart,  which  offers  a complete  description  of  the  logical 
response  to  a pulse  input 0 If  some  transitions  are  arbitrary,  this 
condition  car.  be  introduced  by  means  of  a set  ox  redundancy 
equations. 

From  the  transition  chart,  a set  of  transition  equations 
can  be  derived.  The  block  diagram  follows  by  some  simple 
algebraic  operations  on  the  transition  equations,  whether  split 
input  connections  or  complementing  input  connections  to  the 
toggles  are  to  be  used.  Possible  redundancy  equations  can  be 
used  in  the  course  of  the  synthesis  for  purposes  of  simplification. 
!he  block  diagram  can  be  interpreted  directly  in  terms  of  actual 
circuitry  by  means  of  the  techniques  described  in  Chapter  IV* 

The  connection  between  the  logical  design  equations  and  the 
circuit  design  is  so  close  lhat  it  is  usually  not  necessary  to 
draw  c.  circuit  diagram  or  even  a block  diagram  in  order  to  compare 
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different  logical  pr sythilities. 

Tr.c  str~*s  i 3 on  the  logical  design.  For  this  reason,  no 
actual  circuits  are  drawn.  It  is  evident,  however,  from  Chapter 
IV  that  all  logical  operations  are  r*Aii  zable  by  a term-by-term 
interp. etatiurt  of  tnc 
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CHAPTER  VI 

THE  TRANSLATION  BETWEEN  LOGICAL  AND  ARiihllEIIO  OPERATIONS 

Hhen  two  decimal  dibits,  each  represented  by  four  Din  ary 
variables,  are  to  be  added  in  a digital  computer,  it  la  ixcoosarj  tc 
the  operation  of  addition  of  the  two  decimal  digits  Into 
a logical  operation  on  the  binary  variables  which  constitute  the 
two  digits.  It  has  been  mentioned  earlier  that,  over  and  above  the 
numerical  interpretation,  an  arithmetic  operation,  as  well  as  any 
other  filtering  operation,  can  be  character 5 sed  by  the  distribution 
of  its  output  symbols  over  all  possible  input  symbols.  As  an  ey- 


ample 

, consider 

the 

audii/icr. 

of 

two  decimal  digits. 

Trw 

addition 

table 

is 

shown  In  Table  6*I« 

0 

1 

2 

3 

U 

5 

6 

7 

8 

9 

0 

0 

X 

C. 

3 

u 

5 

6 

7 

8 

9 

1 

1 

2 

3 

h 

5 

6 

7 

0 

9 

10 

2 

2 

3 

t 

5 

6 

7 

8 

9 

10 

LL 

at 

3 

h 

5 

6 

7 

8 

0 

* 

10 

11 

12 

u 

U 

5 

6 

7 

8 

o 

¥ 

10 

11 

12 

13 

5 

5 

6 

7 

8 

9 

10 

11 

12 

13 

li; 

6 

6 

7 

3 

9 

10 

11 

12 

13 

l h 

15 

7 

•? 

1 

8 

9 

^ A 
AV 

11 

12 

13 

lii 

15 

16 

3 

8 

9 

10 

11 

12 

13 

Hi 

15 

16 

17 

9 

9 

10 

11 

12 

13 

lii 

15 

16 

17 

18 

Table  6*1  - Addition  of  -csro  decimal  digits 
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T4  41  a ««  imnllw  1 4 VW  a J-  • «MAn4  •»  ^ 4 W W Tf  ^ v*4 

^ ;.  J.U  U.  . 1 ‘ *J  A vu  <-  « WJ^MWAJ  **  W^‘  ***■  ^ • ***  *• 

•hi**.  1 ? «*t  *jri d*  for*  th*  r.arty  in  order  to  nake  it  available, 
without  further  filtering)  at  the  addition  of  the  next  two  decimal 
digits*  Hhen  the  carry  is  l.«ft  out  in  the  addition  table,  it  ap- 
pears that  there  are  ten  possible  output  symbols,  the  digits  0 
+k-<~>i<tV>  O »r»H  r>n**  htmriwwd  Innnf  «nmVw*,1  w . «H  combination  a of  tv/0 

*»*—  •■O**  / 1 — - - i-  -w  — — * 

dsciaal  digits.  Each  output  symbol  occurs  for  any  of  a group  of 
ton  input  symbols;  the  output  symbols  have  a perfectly  even  dis- 
tribution over  the  input  symbols* 

If  a carry  from  the  preceding  am  in  the  addition  of  two 
multi-digit  numbers  is  taken  into  account,  there  will  be  two  hun- 
dred possible  input  symbols  and,  again  considering  the  carry  to 
tb«  following  addition  separately,  ten  possible  output  symbols. 

Each  output  symbol  now  occurs  for  any  of  a group  of  twenty  input 
symbols. 

In  all  cases  it  is  true  that  any  logical  circuitry  idiich 
realises  the  above  distributions  of  output  symbols  over  the  input 
symbols  is  capable  of  adding  two  decimal  digits.  The  code  comes 
about  by  interpretation  of  each  symbol  as  a numerical  quantity, 
a decimal  digit,  in  accordance  with  the  addition  table* 

In  the  followirK,  the  addition  of  two  decimal  digits  with- 
out a carry  from  the  preceding  addition  will  be  considered.  The 
symbols  to  be  dealt  with  are  associated  with  groups  of  binary 
variables* 

The  input  is  naturally  thought  of  as  two  channels  each  having 
ten  possible  symbols  and  tbs  output  as  a slngje  criminal  also  hiving 
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ter:  possible  symbol  a- 

Tho  binary  variables  to  each  of  the  channels 

must  be  at  least  four  in  number  since  otherwise  an  inoufficient 
number  of  symbols  would  be  available*  Let  the  two  input  channels 
have  the  binary  variables  xn,  jl,  „ x0?  x^,  and  yQ0  y1„  y^s  y.y  and 
the  output  channel  the  binary  variables  z^. 

As  was  diecussed  in  Chapter  V,  the  occurrence  of  a particular 
Symbol  corresponds  to  equating  a product,  for  example,  x^*:^’  *X2*X3; 
with  1. 

Let  the  products  in  x be  termed  s;  the  products  in  y,  tj  and 
the  products  in  s,  r$  in  the  manner  indicated  ir  Chapter  V,  page  57* 
Furthermore,  let  the  superscript  on  s*  t,  and  r.  indicate  the 
digit,  the  numerical  value,  with  rhich  a particular  product  ie 
associated* 

If 

^ ‘ VVV*3 

then  the  value  combination 

r9  ■ VV2’*3  ’ 1 

or  sQ  * 1;  - 1;  *2  * Oj  *3  * 1 

has  been  associated  with  the  digit  9 c. 

Now  if 

r1  ■ 1 and  t^  ■ 1 

then 

• 1 

since 


3*U  • 7 


r 
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this  r an  bp.  #»vrirrtssfid 

J - ,i'tK  , , , , 

where  the  presancH  ox  ether  terms  is  indicated  because  the  sum,  7, 
occurs  for  other  input  combinations.  When  equations  of  this  type 
arc  applied  to  all  permitted  input  and  output  signals  considered;,  the 
following  equations  result? 


r1  - ^WJtWtWWtVt* 
r2  - 

r?  ■ .V^WtWMVtWi* 
r1*  - 
r'  - 
r6  - 

r3  - 
r9  - 

The  requirements  for  addition  do  no  t,  of  course,  specify  when 
the  six  surplus  symbols,  r^,  r^,  r^,  r13,  A and  r^?,  are  to 
occur*  it  only  specifies  that  they  are  not  to  occur  when  both  t 
and  s represent  legitimate,  non-forbiddan  symbols*  One  of  the 
forbidden  output  symbols  may,  for  example,  be 
r^  - 8yt  j+s  t hvr 

because 

r — « *fV4O»t^*O*0  ■ 0 

under  normal  operating  condition r . This  means  that  the  symbol 
corresponding  to  r^-  ■ 1 never  occurs  in  normal  operation w In 


6*1 
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other  words,  a forbidden  output  symbol  may  onlv  occur  wb<v*  either  s or 
t nr?  ir.  one  i'orbidaen  range . ‘SJhen 

. 0 6>5 

ard 

♦ 10^11.  t12^I3..lil..  15  , n r - 

X-  -V  »X>  ««  »t  v * Q O.  < 

then 

r10^n^12+r134rlii4rI^  , 0 

Equations  6.2,  6.3;  and  6J*  are  the  redundancy  equations  for  the 
system.  If  the  result  of  input  symbols  in  the  forbidden  range  is  to 
be  left  arbitrary,  these  equations  may  be  used  to  simplify  the  logical 
equations  in  the  manner  demonstrated  in  Chapter  V0 


■where 


and 


Equations  6.1  can  be  written  lore  compactly  as 

rk  - b sH  k-i 
i-0 

tk-i  „ t10+k-i  if  k-i  < 0 

0 6k  *9 


6.£ 


Equation  6.5  has  a simple  arithmetic  content;  it  states  that 
the  output  symbol  associated  with  the  digit  value  k occurs,  that  is 

Jr 

r takes  on  the  value  1,  only  when  two  Jnput  symbols  associated  with 

i k— i 

digits  having  the  sum  k or  10+k  occur,  that  is,  ifcen  s =1  and  t *1, 

It  is  the  fact  that  equation  6.5  also  gives  the  logical  relationship 
between  the  binary  variables  representing  these  symbols,  which  makes 
it  significant.  In  other  words,  equation  6.5  expresses  both  the 
ari 'lime tic  operation  on  numbers  and  its  execution  as  a logical  operation 
on  binary  variables. 
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In  ordsr  to  arrive  at  assign  equations,  it  i*  necessary  to  de- 
rive s^,  *2,  and  as  functions  of  xQ,  x^,  x^,  x,?  and  y^,  y^, 

y^f  Yy  Whan  a code  is  chosen,  » and  t are  readily  expressed  as 
products  in  x and  y.  ihe  dependent  variable  s,  z,  can  be  arrived  at 
by  equal  lone  similar  to  equations  >*7.  When  and 

are  drived,  the  rest  of  the  design  may  follow  the  principles  dis- 
cussed in  Chapter  V, 

Equation  6,5  can  easily  be  generalised  to  cover  other  operations 
than  addition.  The  products  r,  s,  and  t,  can  Include  any  number 
of  variables  sufficient  to  specify  the  total  number  of  output  and 
input  symbols  in  the  operation  considered.  In  the  case  of  multi- 
plication (see  Chapter  XU),  for  example,  where  37  output  symbols 
are  necessary,  at  least  six  variables,  %q3  «9,  %y  zy  would 

b«  necessary  in  r.  In  all  cases  the  group  of  input  symbols  which 
yield  the  same  output  symbol  appear  in  the  express! 00  for  that  out- 
put symbol;  or 

rk  • 2j  A? 
f(i,p)  ■ k 

where  the  oper&ticc  in  question  is  indicated  by 

f(i»P/  - k 

In  the  case  of  multipl.be aticn , equation  6,6  becomes 
rk  - £ A" 

k • i‘P  J 

For  example 

In  the  squat io as  the  code  has  beta  left  arbitrary*  The  choice 
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of  code  can,  at  the  present,  only  in  principle  bo  uaed  as  an 
optimizing  parameter* 

The  codes  for  r,  e,  and  t are.  therefore,  usually  chosen  ce 
one  of  the  conventional  codes-  1 — 2— U— 8 or  l-SS.ii-JF,  for  exanple0 

Tfhen  tso  multi-digit  numbers  are  to  be  added,  the  operation 
consists  in  more  than  a digit  by  digit  end  carry  addition.  If  the 
digits  sppccr  serially,  they  ^;st.  >i«  sMftftd  into  the  adder  or.o  by 
one  and  the  result  must  be  shifted  outj  provision  muot  be  made  for 
handling  signs,  in  some  systems  of  operation  the  nines  complement 
of  each  decimal  digit  must  be  derived.  Although  it  is  conceivable 
to  perform  all  these  operations  in  one  step,  it  will  frequently 
lead  to  needless  complexity  with  a small  overall  gain  in  speed* 

In  digital  computers  employing  a memory  with  long  access 
time,  for  example  a magnetic  drum  memory,  it  will  usually  pay  to 
break  even  the  addition  of  the  individual  decimal  digits  down  into 
several  steps* 


* ADDITION 

QTTLf  Til 

CORRECT  TO 

eoFTTgrirn 

OUJd  XTl 

ARBITRARY 

C01B 

oJrr^lrlJtLU 

ecus 

Figure  6*1  - Add-correct  operation 


In  an  add-correct  operation,  there  are  at  least  two  steps* 
First,  the  sum  is  derived  in  an  arbitrary  cods,  whichever  leads  to 
simple  circuitry!  second,  the  code  ie  changed  to  the  specified 
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code.  This  is  indicated  in  Figure  6,1, 

Step  Number  1 nwy  be  broken  down  into  further  steps.  As  an  ex- 

amnia,  consider  addition  of  two  decimal  digits  in  the  l-2-h-8  system, 

Lee  x,  md  tu.  x,  ani  y7 . x_  and  and  x.,  and  y_,  be  added  in 
i*  ■ w x x'  z 4.  s>  y 

separate  binary  adder"  producing  • sum  and  a binary  CttVj  Tor  ecch 
stage,  that  j.s,  for  each  binary  pair,  (index  0,  1,  2 and  3)  o Let 
the  carries  be  delayed  in  their-  passage  from  stage  to  stage.  The 
process  of  addition  will  now  be  the  following 

Is  The  individual  pairs,  x,  y,  are  added,  producing 
sums  ana  binary  carries. 

2,  The  carries  from  (1)  are  added  to  the  sums  from 

(1)  giving  rise  to  new  binary  sums  and  possibly 
new  binary  carries  from  stages  1.  2.  and  3, 

3*  The  carries  from  (2)  are  added  to  the  mma  from 

(2)  giving  rise  to  new  sums  and  possibly  new  carries 
from  stages  2 and  3* 

U,  The  carries  from  (3)  are  added  to  the  sums  from 

(3)  giving  rise  to  new  sums  and  possibly  a car- 
ry from  stage  3, 

As  before,  the  decimal  carry  will  not  be  taken  into  account. 

So  far,  tfae  operation  produced  the  binary  earn  of  two  binary 
numbers i This  sum  is  correct  if  it  ia  nine  or  less.  If  it  Is 
above  nine,  the  sum  must  be  corrected.  The  last  .*tap,  therefore. 

If  the  sum  ia  more  than  9*  *dd  6, 

If,  for  example,  the  result  after  step  Number  2;  ia  13,  the 


is 
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binary  variables  2^.  z^,  a?  and  , will  have  th9  values 

*3  " ij  =2  * *!  " 0;  a0  ■ 1 

The  correction  step  Number  5 adds  6,  maicung  the  sum  15.  uro- 
ducing  a carry,  and  the  nuober  19-16 "3;.  which  la  the  correct  last 
digit  in  tha  sum  *i3. 

The  above  type  of  operation  is  a well-known  ernzpis  of  step- 
by-step  addition*  In  tto  Appendix,  where  the  discussed  design 
methods  will  be  tied  together  in  a single  example,  another  rcy  of 
breaking  down  the  addition  process  will  be  demonstrated* 

The  most  important  example  of  step-by-step  operation  is, 
perhaps,  digit-by-digit  addition  of  multi-digit  numbers  and  serial 
operation  in  general.  In  all  cases,  the  purpose  of  step-by-step 
operation  is  to  trade  speed  for  simplicity* 
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•me  paper  i«  exclusively  concerned  with  the  theory  aid  prac- 
tice of  translation  of  arithmetic  operations  on  rtmbcrc  into 
logical  oj—ratior.15  on  binary  variables* 

Digital  computers  have,  for  some  time*  been  :recogniocd  a? 
devices  capable  of  storing,  moving,  interpreting*  and  modifying 
information*  This  point  of  view  forma  the  basis  for  the  paper. 

A suitable  niEtliemAtical  information  corccpt  is  fhimd  in  the 
mathematical  theory  of  communication*  It-  is  therm  hew  this  con- 
cept can  be  applied  both  to  the  arithmetic  operations  on  mnr^r s, 
which  the  arithmetic  unit  of  a digital  computer  is  required  to 
perform,  and  to  the  logical  operations  which  digital  counter 
elements  are  capable  of  performing* 

From  the  analysis  it  appears  that  whon  an  arithmetic  operation 
is  viewed  in  the  light  of  the  mathematical  ooncept  of  information, 
its  numerical  content  becomes  a matter  of  secondary  importance.  Of 
primary  importance  is  the  distribution  of  symbols  in  the  operation* 

Any  physical  process  capable  of  bringing  about  a particular  distribu- 
tion of  output  symbols  over  input  symbols  may  be  used  as  an 
arithmetic  element  for  that  particular  operation. 

When  tbs  Information  concept  Is  applied  w ui.0  logical 
operations  available  in  digital  computers  use  is  made  of  the  symbolic- 
logic  representation  of  these  operations*.  Tiirough  the  work  of  the 
staff  of  the  Harvard  Carputatica  Laboratory,  the  use  of  boolean 


Algebra  has  reached  a high  degree  of  development  and,  although  souk? 
problems  still  remain  unsolved,  \t.  ig  adequate  for  the  u«»»al  prac- 
tical design  problems.  A further  step  in  the  development  is  taken, 
in  this  paper,  by  introduction  of  the  information  concept  in  the 
application  of  Boolean  Algebras  It  I*  shown  now  the  operations  of 
Boolean  Algebra  represent  filteriiig  processes,  that  is  processes 
that  select  certain  information  Just  as  a band-pass  filter  ■»., 
classical  communication  theory  selects  certain  frequencies,  The 
concept  of  a discrete  iufarmation  filter  is  due  to  Shannon.  The 
fact  tnat  the  functions  of  Boolean  Algebra,  and  of  equivalent 
symbolic-logic  systems,  represent  the  mechanics  of  such  filters, 
is  new_ 

The  theory  of  conmunic&tions  deals  with  symbols,  but  is  not 
concerned  with  the  meaning  of  these  symbols;  It  speaks  about  the 
probability  of  their  occurrence  and  it  measures  their  capacity  to 
convey  information  without  trying  information. 

The  symbols  dealt  with  in  Boolean  Algebra  are  combinations  of 
values  of  binary  variables.  The  design  method  developed  in  this 
paper,  although  not  vastly  superior  to  earlier  "truth  table"  methods, 
has  the  advantage  that  at  the  stage  of  formulation  of  a problem  it 
deals  directly  with  these  Boolean  symbols*.  The  application  of  the 
concept  of  information  is  not  considered  sr.  end  in  itself  but  rather 
a first  step  t*7vard  broader  notion*  of  captation  and  computing 
machines.  It  allows  a formulation  of  the  arithmetic  requirements 
which  is  directly  interpretable  in  terms  of  the  logical  symbols. 

The  paper  also  giver  an  account  of  eome  logical  design 
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practices  need  in  connection  with  work  cn  the  California  Digital  Comput- 
er. Such  design  practices  cannot  always  follow  a system  of  rigid 
rules;  they  can  best  bs  described  by  means  of  They 

represent  the  methods  wldch  the  writer  has  developed  to  solve 
practical  design  problems.  Uiese  design  practices,  which  are  the 
result  of  independent  work,  differ  sufficiently  from  methods  de- 
veloped « i at  Harvard  fur  ejuuuplo,  to  Justify  their  de- 

script  i on  bore . 

From  the  results  presented  of  the  application  of  the  oonc apt 
of  information  to  Boolean  Algebra,  two  future  directions  of  develop- 
ment setnn  to  hold  some  promise » 

1.  The  development  of  a theory  of  information  centered 

around  two-valued  logic. 

Such  a theory  would  deal  with  information  in  its  most  funda- 
mental terms  such  as  have  been  recognised  by  pure  logic.  It  might 
prove  of  value  to  both  communication  engineering  and  computer 
engineering  • 

2.  The  application  of  digital  computer  techniques  to 
problems  of  conmunl  cation  over  discrete  channels. 

In  digital  computers  the  filtering  of  in  formation  attains  a 
highly  developed  fora.  Communication  engineering  could  well  take 
advantage  of  its  advanced  techniques. 

Application  of  more  powerful  algebraic  minimising  techniques, 
at  present  not  available,  might  uso  the  general  equations  for  addi- 
tion (Chapter  VO  >r  multiplication  as  a point  of  departure  for  a 
determination  of  the  optimum  number  cods,  Tt  is  felt,  however. 
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that  n solution  cf  such  a problem.  although  interesting  from  the 
ar.ftHftmic  point  of  riaw,  would  have  few  practical  consequences* 

As  «*  whoJe  it  is  thought  that  although  many  problwaa  in  digital 
computer  d«ol^n  cer.  be  formalized  and  successfully  solved  by 
of  noolee.n  Algebra.,  ths  exaggerated  dependence  upon  a symbolic  pro- 
cedure in  design  may  ba  iiialeading . Tho  use  of  switching  functions 
with  six  or  more  variables  becomes  so  complicated  a natter  that  it 
is  usually  necessary  to  break  a problem  of  this  size  into  pieces,  each 
containing  fewer  variables*  If  a minimum  is  arrived  at  for  such  a 
part  of  a larger  probiam,  it  does  not  necessarily  imply  that  a solu- 
tion even  close  to  the  minimum  for  the  whole  has  been  found* 

Solutions  arrived  at  oy  formal  means  should,  therefore,  always 
be  evaluated  critically*  It  usually  pays  to  provide  alternative 
solutions  for  a given  problem  and  make  a comparison  on  the  basis 
of  expenditure  of  equipment,  simplicity  of  operation,  reliability, 
etc* 

If  used  subordinated  in  the  course  of  design,  however.  Boolean 
Algebra  provides  an  efficient  tool  and  a compact  notation  of  great 
value  to  the  designer;  *er  pirrpose..  the  application  of 
symbolic  logic  to  computer  circuits  has  reached  an  adequate  degree 
of  development* 
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A BINJLKT  C01M.D  DECIMAL  ADDER 

The  adder  to  be  described  operates  in  the  1-2 -4-8  system.  It 
is  part  of  a computer*  which  is  aerial  in  the  decimal  digits  but. 
in  vfclch  the  binary  digits  making  up  each  decimal  digit  appeal'  in 
parallel  is  four  separate  channels.  The  add-circuit  and  a circuit 
for  deriving  the  nines  complement  mill  be  described.  It  will  be 
shown  hear  these  operations,  shifting,  and  carry  addition  are  co- 
ordinated to  form  a system  which  mill  add  or  subtract  two  multi- 
digit numbers  with  arbitrary  signs, 

I,  THE  07XR-AZL  OPERATIC* 

At  the  beginning  of  the  operation  the  two  ten  digit  decimal 
motors  are  stored  in  two  registers,  called  the  A-reg later  and  the 
D-register  (sse  Figure  8,1)  c After  the  operation,  the  sum,  with 
the  correct  sign,  mill  occupy  the  A-register , 


Figure  9,1  - Orer-all  operation  of  binary  coded  decimal  addar 


*She  California  Digital  Computer..  "THE  CAIBEC".  under  const  root. ion 
at  TAiimereity  of  California  in  Berkeley 
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Bach  decimal  digit  occupies  four  toggles,  T„ , T^,  T^,  Tg, 
the  index  now  Indicating  the  weight  associated  with  sach  toggle* 

In  each  register  there  is  a column  cr  group  of  four  toggles  for 
each  do  ia&l  digit  and  a column  of  four  for  the  sigru  The  registers 
are  capable  of  shifting;  vssry  tine  a pulse  is  received  on  the  shift 
teminal  each  decimal  digit  is  shifted  one  place  to  the  right;  the 
far  right  digit,  in  the  10  column,  cay  be  shifted  into  another 
register;  the  far  left  column,  th*  sign  ccOnunn  may  either  receive 
a decimal  digit  from  the  outside,  possibly  from  the  10-column, 
or  it  may  be  set  to  C in  the  process  of  shifting.  The  sign  column, 
thus,  not  only  stores  the  sign  (a  single  toggle  would  suffice  for 
that),  but  it  also  allows  the  register  to  receive  information, 
serving  as  a transit  station  for  the  decimal  digits  as  they  are 
shifted  into  the  register  from  the  loft.  The  column  to  the  light 
of  the  sign  column  is  the  1-column,  the  next  one  i«  the  z-colusn, 
the  >=colusn,  etc,,  ending  in  the  lO-colusa  in  the  far  right  end 
of  the  register.  The  number  is  oriented  in  such  a way  that  the 
most  significant  digit  occupies  the  1-column,  the  least  significant 
digit  the  10-column,  The  10-column  serves  as  a transit  station  for 
outgoing  information,  A ”1”  in  the  sign  column  indicates  a minus, 
a "0"  Indicates  a plus. 

The  addition  process  will  be  the  following}  The  digit  in  the 
10-column  of  the  A- register  is  shifted  into  the  sign  column  of  the 
Jfc-register,  the  rest  of  tho  register  being  shifted  one  step  to  the 
right  in  the  regular  nanner  at  the  same  tiss;  this  operation  Is  known 
as  "circulation" • The  least  significant  digit  of  the  number  in  the 
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A-register  now  occupies  the  sign-column  of  that  register.  In  the  next 
step  the  information  in  the  10-colus*n  of  the  IX-register  and  in  the  sign- 
column  of  the  A-regiater  is  combined  in  tho  add-circuit  changing  tne 
content  cf  the  Ar-rogistsr  sign-column*  also  known  as  the  adder -column, 
to  the  sum  of  the  two  digits  and  possibly  producing  a decimal  carry 
in  a separate  carry  toggle  in  that  column.  At  the  sane  time  the 
number  in  the  D-reg later  is  shifted  one  place  to  the  right.  Next, 
the  A«r-egister  is  circulated  one  place  putting  the  next  to  the  least 
significant  digit  into  the  sign -column  and  shifting  the  result  of  the 
last  digital  addition  into  the  1-column,  The  two  registers  are  now 
ready-  for  another  digital  addition  which  this  time  must  incorporate 
addition  of  a decimal  carry.  By  repetition  of  this  process  the  sum 
of  the  two  numbers  will  eventually  occupy  the  correct  columns  of  the 
A-register,  The  process  includes  addition  of  the  sign  digits  as  will 
be  discussed  later. 

When  two  numbers  with  the  same  sign  are  to  be  subtracted  or 
when  two  numhera  with  opposite  signs  are  to  be  added,  the  nines 
complement  of  each  digit  as  it  appears  in  the  A-register  10-col unn 
is  formed  and  a carry  is  stared  in  the  carry  toggle  before  the 
addition  begins.  If  the  decimal  points  are  thought  of  as  being 
immediately  to  the  left  of  the  1-columns  before  the  addition  starts, 
subtraction  is  in  effect  performed  by  replacing  the  number  in  the 
A-regirter,  A.  by  1-A„  Depending  on  the  relative  magnitudes  and 
signs,  the  result  may  have  to  be  dec omplemen t e d after  subtraction^ 

Next,  an  add-circuit,  and  a circuit  for  derivation  oi  the 
nines  complement  will  be  designed  to  suit  the  approximate  require- 
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merits  given  above* 

II.  DERIVATION  OF  THE  NINES  COWTZMHI?  IN  THE  1-2-U-8  STaliM 

The  digit  to  be  complemented  with  respect  to  9 is  stored  in  a 
toggle  group  T1#  T0,  T^jT^.The  circuit  ie  like  the  converting  circuit 
discussed  in  Chapter  V.  By  application  of  a pulse  the  content  of 
T, , Tpg  T^,  Tg,  must  be  changed  to  the  combination  representing  tne 
nines  complement  of  whatever  digit  was  stored  before  application  of 
the  pulse. 

The  transition  chart  shown  in  Figure  802  applies. 
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Figure  8.2  - Transition  chart  for  derivation  of  nines  complement  in 
1-2-Ji-S  system 
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l's  in  columns  10,  31,  12,  13,  lii,  and  V?;  require  the 
toggles  to  be  unchanged  upon  application  of  & prise  when  a forbidden 
combination  occurs,  kg  g arils  r,  lot  ub  rariabD.es  before  the 
transition  be  Xj,  x^:  x^?  and  Xg,  and  after  y,,  y2,  y^s  and  y-g* 

Lpt  the  products  in  x be  s and  the  products  in  y,  t;  the  subscript 
now  indicates  both  designation  and  numerical  value* 

Lit  usual, 

ri  • ybvyyvv1*; 

t2  ■ t2*t3*t«n7nlo'Hll*tli'H'lS 

\ • VYVYVVVbS 

7S  ’ tB*t9*tlo'*tunii>t13*tI!»ni5 

In  compart  son  with  equation  a £.7,  note  that  the  subscripts  on 
y hare  been  changed  to  indicate  the  weights  in  the  l-2Jj-£  system* 

Then,  from  the  transition  chart, 

7i  ■ VVVVVl>ii'fV'si4 

7i  ” ,7%”3*,2^r10^11<3XU*=15i 

7U  - *5*VW  &12**I3t*lUt*ld 
»a  ■ VV  H*io*"u*ai2^i3"su<**ii 

If  the  transitions  from  the  forbidden  states,  columns  10,  31, 
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can  be  ignor-wd. 

Then 

7l  * WW*0 

y2  - =7*a6*»3*«2 

7a  ' aS*Va3*at 

y8  ' V*0 


71  ” VuVVVWi'yyVVVV^VVYyy 

y2  • xe  % *2^  V V Vi^V  V VH  ' 

T;,  ■ VVayVWVVYVlVV^' 

y8  * vvvvvyvv 

The  redundancy  equation  for  the  l-2-4*~43  system  has  been 
derived  earlier  (see  equation  5*33) j in  the  notation  :asd  here 


it  is 

*3(V*2>  - Oj 

then 


*2*8  “ 0 
Ye  ‘ 0 

Vs'  * Va'*V8  * V 

*2' **8  ‘X2’ 

Vs’  • Y 

V**e  ‘V 

x2y  ’ *8 

x2+ac8l  ' V 

V*8 

YY  ‘ V 


x*?**4  <*£••* 
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The  following  simplifications  of  equations  8.1  can  be  mad*  by 
means  of  These  relations 

n • V VYV e ’ 

yl  ' *1.’  ( VV? *V?  ‘ *V  W *!, ' V ' 

yx  ■ =1'(x8<Vr2*W) 

71  * *i’(V1,V  - =V 

y2  ' V'jVV  Vl’ 

»2  • *tVV  *2  • X2 

y4  ■ V:'VV2V 

7k  * Y’"1^ 
yo  = VW 

Let  reversing  input  connections  be  used  for  the  realisation  of 
the  circuit  and  let  the  control  functions  be  l.^3  hg,  h^>  and 
then  (see  equation 


N * yi^i'^i’^i  ' ;;i 

h2  ' y2X2’*y;:’X2  ' * 0 

hU  ' ’ (x!tx2’^'X2)xU,*(xi»’-X2)(xU'X2!)Xl. 

' V W?  ’ *2 

»6  * W^'1*  * V VV^'V'z5^  * YVV ‘<1'Vx2)l8 

•vy*2,tx8  • WV  ’ <W)(*84*2i)  “ V'V 

(see  equation  2.23) 

If  a gate  type  which  passes  the  pulse  for  low  control  to  It  age 


is  used,  the  control  functions  should  be  inverted? 


vm 

(h3 V • 0 
(h2)'  - 1 
* x2’ 

<^8>’  ' *2*u 

Thfc  block  diagram  fo:.* 
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Complementing  pulse 


Figure  3,3  - Block  diagram 
in  3 system 
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circuit  is  shown  in  Figure  8*3» 


>r  circuit  deriving  nine  j complement 
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in.  THE  ADD-CIRCUIT 
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In  the  circuit  to  be  described,  the  addition  of  two  decimal 
digits  takes  place  in  several  steps*  For  purposes  oi  addition,  the 
binary  digits  of  a decimal  digit  appear  seri-lly.  The  addition  of 
the  individual  binary  digits  is  carried  out  in  a single  step.  In 
other  words,  a circuit  which  will  add  1,  ?,  U,  and  6*  sepe.;*ttely.  in 
one  step  osch;  Is  used?  by  letting  the  binary  signals  appear  in 
tine  sequence,  in  the  form  of  pulses  from  the  Deregister,  the  con- 
tent of  the  add^f-column  is  changed  to  the  sum  in  steps.  This 
operation  *c  shown  schematically  in  Figure  8ch 


t Channel  8 HZ^J— 4Add  8 
Charnel  U -t— h 

,dd  2 


^-register  |_Channel  2^>^A( 
--Channel  1 


.•»  j 

AUU  X 


Adaar- 

col-rmn 


Add -Circuit 

Figure  8*4  - Block  diagram  for  step-by-step  addition  of  a decimal  digit 


In  the  diagram  each  of  the  channels  1.  2S  ii„  and  8, from 
the  D-regiater  will  at  the  time  of  addition  either  carry  a pulse 
or  no  pulse;  a pulse  is  carried  when  a "l*  is  present,  no  pulse 
when  a "0rt  is  present  in  the  toggle  corresponding  to  the  channel 
in  the  D-register  10-column.  These  pulses  are  made  to  appear  in 
time  sequence  by  insertion  of  the  delays  D2,  Di , and  Dg*  in  the 
connection  between  the  channels  and  the  add  circuit,,  Uhen  a pulse 
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arrives  at  t ho  tuid-l  terminal  of  the  add  circuit.,  1 is  sdied  to 
ths  content  of  the  adder  coluan;  sird  larly  2,  U,  and  3,  are  added 
application  of  pulses,  at  different  tire*.  to  the  add- 2.  the 
add4»,  and  the  add-8  terminal. 

!>*•  to  the  redundancy,  characteristic  of  tfca  l-2-li-8  system, 
however,  teo  poises  will  never  appear  simultaneously  in  channel  U 
and  channel  6,  or  ir  chassrsi  2 and  channel  8. 

This  follows  Aron  the  redundancy  equation,  equation  8*2* 

If 

v1 

\ ' 0» 
sod  if 

than 

=8  * 0 • 

Conssqoenlly  the  delays  and  Dg,  or  and  Dg,  can  be 
■ads  the  sar*e«  The  addition  takes  place  in  three  stops. 

1.  Add  1 

?•  Jdd  2 

3.  Add  U or  add  8* 

Tbs  problM  is  then  to  design  a circuit  which  will  add  1,  2, 
U,  and  8,  separately  and  without  need  for  correction,  in  the 
jp.-2—h— 8 qrgtrs. 

Add  1.  The  transition  chart  is  shown  in  figure  8.5* 

Sere  is  ths  follcsring  the  and  rows  representing 
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h 

!•: 


il 
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forbidden  canbinaticns  have  been  left  out  since  the  transitions  from 
these  states  will  be  assumed  arbitral?  (sett  Section  I of  this  Chapter), 


To 


0 

J.  2 

3 

U 
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6 

7 

3 

9 

0 

0 

• 

1 

1 

1 

• 

♦ 
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1 

• 
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• 

. 1 
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• 

♦ 

• 

* 

♦ 

• 

h 

1 

• 

5 

* 

• 

6 

• 

♦ * 

<9 

• 

l 

• 

• 

• 

• 

7 

«» 

1 

8 

a 

♦ 

1 

9 

a 

• 

1 

Figure  8;*>  - TTcuntian  chart  for  add-1  operation 


Then,  with  the  notation  introduced  earlier 


*1  ’ 

VWV«# 

y2- 

yir“ 

e)*\*mS,*6 

y8  " 

•ft 

giving 

*1* 

WYV^S 

*t  • vvvvvvvi’vvz’vy  wi’ 

*k  * VVViVVzVV^VVVViY 
*9  ‘ VWlVVVV 

and  aping  the  redundancy  equation,  equation  8*2,  end  equations  8*3 


1 
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r\  ’ VVV^VW,WW',i,(W,,!:!-'i' 

" *1 Y (xi  *V ' *Vl’  "Vz ' r8 ' *Vl' 

7h  * V^^iY  Y^YY^zY  VVl^(VV  VYVl0 

- x. Cx,-’**  ') 

»4  *-  A 14  X C 

~a  " YYYYY 

Let  spilt  input  connections  be  used,  then  for  the  add-1 
circuit,  the  following  control  functions,  h (upper  index  indicates 


0 or  1-side,  the  lower  the  toggle)  are  derived* 

^ ’ YY  • ri' 

•4  ■ 7zY  * YYY 
hi  * yuv  ■ vvi 
*8  ‘W  * WlY  -IlVu> 

and  applyiqg  equation  2.25 


hi  ■ y'y  *[°]%  * 

h°  ’ V1!  • Oi'3 ’x2  • Vz 

hu  • VY  ’ Pi'VJ  V Y YY 

h8  • y3'x0  * C VzWJ  ’x0  • 'W'YY  • v« 


The  inp«it  to  the  l-tcggle  is  obviously  a>ost  easily  re  alt  «ed 
by  means  of  a ccwiplementing  input  connection 

V.  m ul  * — I a -1 

“1  ~L  “1  "*1  ’“*1  1 

Application  of  equation  5*13  does  not  lead  to  further 
simplific ations • 

If  a pulse  gate  passing  for  « lor  control  voltage  is  used. 
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the  inverted  control  functions  must  be  used. 


(h^'  - 0 


(h \)< 

“ Xl‘*VS6 

(h°)> 

"W 

(hj)' 

- VW 

oft* 

’ WV 

(hi)' 

U 

• WV 

(hgj- 

■ W 

A dd  2 

• 

The  procedure  la  exactly  the  same  a a 

for  the 

add-1  circuit-,. 

The  transition  chart  is  shown  in  >i,*ure  8*6* 
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2 
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To  h 
State  ^ 

6 
1 7 
8 
9 

Figure  8.6  - 


From  State 

01231*56789 


1 


1 


l 


71  a VVV8**8? 

*2  “ s0  W*$ 

Jh  - s2^3+8li+a5 

3^8  " W 


Transition  chert  for  add-2  operation 
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yl  * VVVVVVVVVVI2VV^VXlVV2Il 
y2  ' VVVY  VYV  VVV2V*VVa,xi 


y!t ' VVVi‘ VV Vi^’VVV  V-Vs’t. 

ya  * 


yl  ' W'Ii1'I2’l!'!!t'WVW. 

W Vu'^V ’Vs5 
- *i'VVV*I2V*5tu5 
* YW’VY 

yi  ' Y 


y2  ’ WVYV 
■ V(VV  Y> 
y2  *VtW)  * VY 


yi,  -yvY'V^v'v*1!1 

yU  ■ V WV 

y8  ■ V2(ll'*Il)  “ V*  . 


And 

hj  " y^'  - o 

h2  * yzY  - V V 
hl  * 7uY  ’ \'*2 

•>a  ■ y8x8'  ' YzY  * Vi 
y-j/  - o 

h?  - y2-r2-[OJ'x2  « x2 

h£  ' W •&2’  J \ ’ Vz 

hj  * J-q’Xo  -iz^‘*I4l,X1>  - (xnt+X'hCo 


Xo  • 

U 


vni 


9k 


Ahd  ths  inverted  functions 


&£> 

oi)' 1 

*. 

rv>^rt 

'~d 

L 

tion  $ 
Add  1;. 


x, 


(hj)i  - 1 
0*?'/  3 v 

4 • 0 \ . • . * 

'-V  W 

Ch?'1  * jc-j  * 

U O 


2tl 

■ yy 

■ r !ir  ? 
u -*? 

5 before,  no  simplification  a era  posrible  by  means  of  equa- 
-13. 

The  transition  chart  is  shorn  in  Figure  S„7. 

From  State 

0123U56789 


2 

3 

To  u 1 

State  ^ 

6 . . ... 

7 1 

R . i 

9 . i 

Figure  8.7  - Transition  chart  for  add-4  operation 


1 


*1 

y 2 


y4 

y6 


*r*<f W®5 

«A4»o+8e+"'» 

VW’,1 


z. 
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(Ta>.»  ••  4 A ^ Vs 

xuu  ua|MUOoavu  av4  jr  ^ «-w 
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" Vi'^'VVi 


yl  -*1 

y2  -y^(x1,^)^4'(x1,^L) 

» V-+T-X.  ' i 

0*4  I 

yn  ‘z8,VI21(3ti',xi>*!,l,*2(xi'4xi) 

"V'W^  * Y(V*V  ‘ xi1'Ie' 

H ’\x2,(i1M5c1)  * V2'  • 

And 

»i  * yi*i*  • 0 

h2  *y2v  * V21  **8 

hU  'Vi/  * W 

'4  ' *8*6 ' ‘ Va’ 

h?  - y. ' - o 

h2  * Vx2  *&<V]'X2  ' V*V*2  ’ X1*X2 
h°  ’ Vxi<  *&1'\  * \ 

h8  * y8*x8  ■[XUX2’]’  V(\,4x2)x8  * V*®  ' *8 

Here,,  equation  5*13  is  fulfilled  in  one  case 

h2  * *8  • VV  > 4 ' Vx2  > 

but 


* ° > 

then  the  factors  x^  and  x9'  can  ba  omitted 
4 “ *8  *2  ’ \ 


r 


■jg- 


5i 

jg 

it 

* ’ 

i 

SLr 

* 


I 


f 

i 

» 


rai 


The  inverted  fur  colons  ars 


O^)1  * i 

(h°)'  - i 

(hjV  -Xg' 

<h?>'  *V 

chi>'  • v*e 

<$'  - V 

‘ V^Z 

/•  0 v • 

vn6' ’ *8* 

Add  8. 

The  transition  chart  is  shown  in  Figure  £«6, 


From  Stats 

012.3U56789 
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*1 

rr  m 
*2 

^U" 
y8  " 


Figure  8.8  - Transition  chart  for  add-8  operation 


WW*i 

VW*? 

VVV*? 

Vi 


, as  before* 


c 


mu 
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*2  ■ V^W’V'uV  WWV'VVW 
■k  ■ VVzV’V 

ys  * v wwwv 

yi  ’*1 

y2  * V2'(xl‘ *V)*X8<Xl”Xl)  ’ 

>\  ' xllW*xl)tX8(xl'*xl)  " VW 
yS  * VW. 

And 

»i  ’ W * 0 

h2  - y*’  ' (yVV  ■ ‘A"1! 

hL  = W ■ xsV  * xs 

h3  ■ W ■ VW 
h?  * 7l,xl  * 0 

h2  ’ W " W ' *2 

h°  • VXU  * M'A  ‘ VVXI,  ■ W 

h8  ’ Vx8  •&]'*(,-  *8  . 


The  inverted  functions  are 


(hj)>  -1 

(h?)"  l 

(h|)'  - <y«W 

(8°)'-  Xj’ 

(iij)1  - V 

(hu)"  V 

(h£)  • - Xj-x^ 

<h8>"  V 

Carry  Toggle 

The  carry  toggle  is  eet  to  the  O-state  before  the  addition  of 
each  decimal  digit*  It  has  to  receive  a 1-input  signal  every  time 


a carry  is  produced  by  a decimal  b edition*  Let  the  function  whteh 
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controls  the  3-input  terminal  to  the  carrv  be  h « in 

the  case  cf  add-1,  clearly 

ror  add-1  hc  " s^  , 

only  when  the  adder -eoluiiin  contains  the  digit  9 wij.x  a cany  be  pro- 
duwod  cy  addition  of  1. 

Similarly  for 

add-2  h • a0+a0 

c o y, 

hc  • WV°9, 

«W-8  hc  - WV*S*W*8**9  . 

Then  for 

*dd"1  h;  • ssW^l  • *8*1 

.dd-?  hc  - *0yvv*vVVV  ' *8 

.dd-U  hc  ■ VVft' 

z8x1*'*2,*1  ’ VsA 

*dd-8  hc  ‘ V^AVAAVlAAVV’ 

VfcWAVVh 
* V AAV  AV*8  * AAA 

In  order  to  suit  a pulse  gate  type  which  passes  for  a low  con- 
trol voltage,  these  functions  will  be  inverted; 


add— 1 

(V  ■*8,*y' 

add-2 

<V  ‘ *8' 

aari-a 

(hc!-'  * (y  A'V 

add— o 

(h  )'  ■ x'x.  «Xo' 
c 2 U o 

The  complete  set  of  input  control  functions  rearranged  accord- 


Lig  tc  toggles  and  Ter  irlth  a pulse  gate  passing  frr  low  control 


rr*s  1 ♦ ^ ■ < 

• va  w^O  Xu  i 


0-inp"t 

1 -in  put 

T-,  s ?.dd~X 

0 (reversing) 

add-2 

1 

2. 

aid-U 

1 

1 

add-8 

1 

1 

T^i  adi-1 

(W’i 

txi’*(x8*x255)r 

add-2 

V 

(xer,:j)5 

add-ii 

V 

X 

add-8 

X2* 

Tj( : add-3. 

'^“VVV 

>6  "V’VWe 

ndd-2 

(V*V>U 

(X^U}9 

add-a 

x 

X^eh 0 

•dd-8 

<XXh 

*o- 

w 

Tg  t add-1 

<X*»'h 

“X-XhX'^ 

add-2 

X 

(XX% 

add  J* 

X 

(xsX'  h 

i 

add-8 

X 

((VVsVl3 

T (Carry) t 
c add-1 

1 

<V<xs’)* 

add-2 

1 

Y 

add-ii 

1 

^V*Y  VV^ll 

add-8 

1 

me  indexed  parentneses  indicate  groups  or  ldentiai  logical  ex- 


diagram  for  add-clrcuit 
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pr8ssions*  It  is  necessary  tc  form  functions  which  appear  in  several 
places  once  only,  f,  “ for  exaaplo,  nrZj  has  to  be  ferried 

once  although  it  appears  1".  rov.r  different  places. 

The  block  diagram  for  the  formation  of  th»,?e  control  functio"? 
is  shown  in  Figure  3*9- 

IV.  LOOiclUh ATION  OF  ALD-SUiJTRAf  T CPERATIOrlS 

Tee  operations  daocriofed  in  the  preceding  sections  are  coordinated 
by  means  of  separate  control  circuits  which  will  not  be  described  here* 
The  steps  in  an  add-subtract  process  will,  Uowe/er,  be  discussed* 

In  the  course  of  the  rrithnetdc  operation,  which  includes  ad- 
dition of  the  sign  digits,  the  individual  sign  digits  are  lost.  In 
the  beginning  of  the  process,  therefore,  the  two  signs  are  stored  in 
two  toggles  in  the  control  circuits*  In  case  of  subtraction,  the 
sign  of  the  subtrahend  ie  reversed  sri  oral  tan  sou  sly.  The  final  signs 
in  the  sign  storage  are  tnen  always  associated  with  addition.  Thus 
only  addition,  with  four  possible  sign  combinations  in  the  sign  storage, 
has  to  be  considered*  At  the  beginning,  when  the  signs  are  stored,  the 
two  sign-columns  are  cleared.  During  the  operation,  the  content  of 
the  sign-columns  is  treated  the  seme  way  e«  the  content  of  the  digit 
columns,  that  id,  it  is  subject  to  complementation,  carry  transfer, 
and  addition. 

When  all  aigits  and  the  signs  have  been  operated  on,  it  re- 
mains to  extract  the  result.  This  involves  determination  cf  the  sign 
of  the  result  and  possibly  decomp  lamenting ; the  latter  will  be  per- 
formed by  another  cample  to  arithmetic  cycle* 
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?cr  tr.o  oaks  of  ejcpl*ria.tion  let  it  be  assumed  txu»t  the 
registers,  .Vre^c ter  and  D- register,  hrre  fev**  columns,  one  sign 
and  three  decimal  digits,  'fhe  decimal  point  is  immediately  to  the 
left  of  t*»e  1-column.  ifhen  the  sign  column  holds  a "1",  the  number 
is  negati^jj  after*  it  hold^  a n0n,  the  number  is  posi+ive*  The 
number  in  the  D-rtgister  »5  ii  be  denoted  D;  the  number  in  tho  A- 
regis^er,  A. 

Consider  addition  of  tiro  numbers* 

D ■ 0.23U;  A • 0*576;  A-»D  » 0,310 


(§)  Sign  storage 

r a J,1 

C.~  *.  JU 

^-register 


(o~rr5i 

A-registsi* 


ED 

Carry  toggle 

0»  The  sign  columns  are  cleared  and  final  signs,  associated 
•xith  addition,  are  stored  in  the  sign  storage*  If  the  signs  (in 
the  sign  storage)  ere  opposite,  a 1 is  stored  in  the  carry  toggle* 
Example i No  change 

1*1  If  the  signs  are  opposite  the  number  in  the  last  column  of 
the  A'^regieiter  is  replaced  by  the  nines  complement* 

No  change 

1*2  The  A-regioter  is  circulated  one  atep 

KD  (25 

SXUi  E03 

(51 


1*3 


The  digit  in  the  last  column  of  the  J>-register  and  the  carry 
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ft 
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m - 
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VIII 


advert  to  the  digit  ir. 

the  adcier-coiwi 

(the  far  j 

A-register).  The  D-regist 

er  is  shifted  one 

rises. 

r?=n 

iiL) 

io  o 2 a 

T! 

ro~n 

2.1 

1*1  is  repeated 

No  change 

2. 2 

1,2  is  repeated 

G2 

Oli 

EToTTH 

'7  0 0 5! 

(D 

2.3 

1.3  is  repeated 

ss 

© 

to  o o 2i 

03 

11  0 0~5l 

1.1  id  repeated 

No  charge 

«% 
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^ •*>  4 ••  MMvwkeiAX 

Xw  A O W.  *. 

(51 
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lQ.iI.C_2! 

03 

EOl 

3.3 

1.3  is  repeated 
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r-n  i • tie 


1*2  is  repeated 


0009 


U«3  1*3  is  repeated 


No  change 


El5j2l3 
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a,  The  aiens  are  the  amo 

If  there  is  a 1 in  the  adder-column  an  overflow  alarm  is 
sounded* 

a. .  If  there  is  a 0 in  the  adder-column  and  the  si gns  are  plus, 

the  operation  Le  complete. 

If  there  is  a 0 in  the  addsr-colur*r.  mil  'he  signs  are  rrlnusj 
the  adder-column  is  set  to  wl"  and  the  operation  in  complete. 

b.  A is  negative  and  B is  positive 

If  the  adder -colruwn  contains  a 0 or  a 1.,  the  carry  toggle  is 
set  to  0*  The  operation  is  complete* 
bg  If  the  adder-cclum  contains  a 9,  it  is  changed  to  an  8,  the 
carry  toggle  is  set  to  1,  and  the  operation  is  continued 
througn  another  complete  (decomplea^nting)  cycle* 
c*  A is  positive  and  D is  negative 

if  the  adder-column  contains  a 0,  it  is  changed  to  a 1,  aid 


r 


rm 

the  c arry  toggle  is  set  to  0.  Th«  opera+d  nn  is  complete, 
c.,  If  the  adrifp-celTBc;  contains  a 9,  the  signs  in  the  sign  storage 
&re  reversed,  wia  carry  toggle  j«  s*»i  to  1-  and  the  operation 
is  continued  through  another  ( dec omplemen ting ) cycle* 

The  example  cones  iui<ier  operation  is  complete. 

The  fooi-  eases  of  addition  with  opposite  signs,  b^5  b^  , c,  . 
c,^,  will  be  cor.sidored  briefly  by  examples* 
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■5  • ca.Su 


in  n n ti! 

’ »y x y ,- 


lli 


f9iro~ol 


.«l*  * ^u*. 


V~0~0~^ 


CD 


(S 


.';•  Now  caye  b,  « Operation  complete 

X 

Dj-  0.:.00;  A » -Q..3Q0;  A+D  * -0,20 

0.  ($ 

BXO 


ss 


OIO 


5».  case  b. 
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CD 
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ou 
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New  cycle 
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5»  Now  cass  b^»  The  operation  ia  coaplete. 

In  the  operation  described,  step  1,3  and  2,1  can  be  performed 
edxul tanec'isly,  This  is  also  true  for  step  2,3  and  3*1  and  step 
3,3  and  U«l>  of  ccurae, 

'Pie  decimal  cany  a,sy  either  be  taken  care  of  by  special 
circuits  or  be  applied  to  the  add-1  terminal  of  the  add  circuit. 
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